
F-2 . Examples .
Fundamental principles I

Recall 3 basic laws of country :

# t

1st law Add up exclusive options .

2nd law Multiply successive options

3rd law "

Shepherd 's law
"

n !
Permutation : P Chik ) = -

(n- k ) !

Pln , k ) n !
Combination : C ( ni k ) = - -

k !
=

Ln- k ) ! K !



Some exercises .

E? How many different ways
to order letters A. A. B ?

Sold
.

AAB , ABA , BAH
.

. 3 ! ways
to permute Ai Ai B .

Site of equivalent class i
2 !

3 ! / z ! = 3
.

Generalisation
"

Mississippi rule
"
'

,
to count the number of

distinct permutations of a string .

i AB c. cc

• Count # of permutations as if the letters were distinct

AB Ci Cz Cs

• Divide by the # of equivalent permutations .

lid
.

a) . HAPPY ,

i 5 ! 12 ! distinct permutations .

b)
,

NOON : 4 ! 1121.2 !)

c) Mississippi : 111/141×41×2 ! ) .



E.X. 2.2 How
many ways can n people be seated at a round
-

table ?

In this case .

D Ott B c § A b ,§p A c

count as the same seating ,

sod
.

Let m be the # of ways of seating n people
in

at a round table , and let h be the # of ways of
w

choosing the
" head " of a table ,

• h = n .

Let us first choose a head , then .

read the string
m

-

A

clockwise :

µ ① D
→

"

Bc AD
" '

B

head

This gives all permutations
.

. By the second counting

rule c multiplication ) :

( sanity check :

m x h = P Chin ). 3 ppl ) .

Pch , h ) h !
⇒ m -

-

4-
a -n = X- i ) !



EMI :3 How
many ways can 8 people sit at a round

table if Alice and Bob must sit next to each other ?

Solt
.

Treat Alice and Bob as a single unit ,
then seat

7-
"

people
"

a road the table
,
there are 6 ! ways ,

arrange Alice and Bob gives 2x 6 ! ways .

5012
.

Seat Alice anywhere . ( Does not build up the size )

choosea seat for Bob : 2 I left on right).

Arrange the rest of 6 people . 6 !

In total : 2x 6 !

E4 Same as E.X . -2.3
,
but Alice and Bob can't sit

together ?

Sol
.

C
"

they do not sit together
"

=

"

they are not next to each other
"

Total a = (n- i ) ! = 7 !

# of ways = 7 ! - 2×6 ! = 7×6 ! - 2×6 ! = 5×6 !



Alternatively ,
sit Alice anywhere, the sit Bob

somewhere

not neat to her i 5 ways
-

i finally , permnro
the 6 people

left : 6 ! ways . Its total ,

5×6 ! ways .

E? How many ways
to arrange 4 A 's and 2B 's

at a round table ?

Wrong set By the Mississippi
rule , there are

-

:

6 ! / (41×2 ! ) = 15 permutations , since there

are 6 positions . these must be

15/6 = 2.5 ways .
. .

Sol
.

Look at the distance between 2 B 's
,
since the

rest of the circle are filled by Acs . Actually , the

shortest distance determines . the arrangements
.

B
"
I =

"

a

't '

The shortest distance between B 's can be o , 1 , 2
,
so

there are in total 3
arrangements .



what went wrong previously ?

when applying the multiplication rule ,
we did not check that

all permutations were distinct
-.

e. g .

A BHA BA , BAA BAA .
are the same

.

Ei ! How many ways can we paint a rub it cube with 6 colors ?

Sod
. Say we put

red at the bottom
,

choose top i 5 ways '

y
circle .

arrange the rest of 4 colors : 3 ! ways
.

In total : 5×3 ! ways .

qhmz.I.pascalisidentity.cl ! ) = (
"

I
'

) t ( I? ) .

for I ⇐ Kc n .

Combinatorial proof The idea of a combinatorial proof is to

#I

gave a country argument for some identity , often by



country the same thing in two different ways .

EnXf
,

for n > I , show that . Scn ) . -7¥ k = nut?
2

.

Look at the Intl ) x Intl ) array below
, cleanly , there

are Intel ) ( htt ) points i

O O O O - - n O O

O
O o o

- .
. o o

S ( ND .

" l :
O O O o

-
-

.

O O O O - n . O O

l-
SM) nth .

count the last n points in the first column, last n- I point

in the second column - - .
. we get

n t#Dt . . -11 = Sing .

By symmyty , in the upper
-

wrangle , there are So points too
.

There are 4-H ) points left .

2×5 In ) = (htt ) x (mid - Cnt ) )

= (htt) n . ⇒ Scn) =
"t' )

iz



E9 :
show that ÷

.

( Te ) = 2 "
'

we know that there are 2
"

binary strings of length n .

( coin toss ) ( or 11 ' ' '
. 7

=

Fix k between o and n , and count the number of

strings worth K 1 's .. Choose k positrons for 1 's and put

o elsewhere , e.g ,

n -=7 , b-4 : 7001101 .

There are ( Y ) ways of choosing
k positions .

so there are ( Te ) binary strings off k h 's .

sunning over all possible numbers of 1 's : ( o - - - n?

II LL ) -- za

-

PI of Pascal identity :

Algebraists . ( na! ) t (
"

Te )
(h- l ) ! Mt ) !

= - -

(n-k ) ! X-D !
t

k ! @- I -u) !

K Cnn !
=

¥t¥
.

+ 4-kdlh-i.ly
k ! Ln- i -u ) ! Ln-k ) .



K (n- t ) !
=

Iq
+ Hk7k-

k ! Ln- k ) !

=
(Kt n- k ) (n- i > !
-

k ! (h - k ) !

n !
=

µ ,
= ( na )

.

Combrhatonialphf
.

Look at a set X with n objects,

and label one of the objects * .
we know that X has

( na ) subsets of size K '

To count the number of subsets
,

that includes *
,

there are ( % ! ) ways . ( remaining elements)

To count the number of subsets that

does not include * , there are (
"

I ) ways .

By the first law of country :

( H -

- in:3 + CI:3 .


