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Binomial thin & Induction

Last time
-

i

Th m ( Binomial theorem .

)
-

Fon any
real numbers x and y , for every n so .

*+y )
"
= §

.

( "
u)×"kY

b.nom.ae weffecrenos .

e 'S - MT )
'

=. (* y > (*y > c*y how
many differentways

to get

1 !) 13 ) ( z) I })
1 x and 2g 's ?

= x 3+3 x'
y t 3 x y 't y

' '

Prt
.

Look at ( * y )
"
= #g) cxxy) . . . . . cxty )

-

n terms.

If we multiply everything out , we have Ex , y 3
- strings of length

n as the terms of expansion . where each term is determined by choosing

x on y in each factor ,
~,

m .

-n
(xty > Lxty)

. -
- -
-

cxty )
l XX - -

- -

y l .

For every
k , every string

with k y
's (and thus K-k) X 's ) simplifies

to ×
n-Kyu . There are ( Te ) ways to choose k y 's ,

so the

↳efferent
is ( na ) . .

This holds for all k . Iq,



E.X.3.ly .

Give 2 different profs that

3
"
= ( ! ) it (7) z 't . . - t ( T ) z " '

PMI
.

We count tenery strings ( so , 1 , 23 - strings ) of length n .

• For each positron there are 3 choices . so 3
"
in total .

. For K between o and n , we count teneny strings with exactly

k 2 's
,
and every ocher position has 2 possibilities . o on 1 .

So the number of strings with exactly k z's :

( L ) z
"-k

= ( Iu ) z
"-K .

=

-

restof the positrons
.

Sunni oven all k i

3
"
= ( no ) It . .

- t ( ! ) z
" '

Da
k
n- K =D

Prf 2 By the binomial thin ,

-
'

n

3
"
-

- (11-2)
"
= I (f) an-kzk

U--A

= (3) it . . - + (7) an . IN



Thin 3,2 ( Multinomial thin ).
-

For any
real numbers . xn , Xz , . . . .

Xr
,
and any positive integer n ,

( xn -1kt " - t xn )
"
- ÷

.
. .µ.
. ( a.! .ie. ) x.Mak . . . xrk"

Kit Kat. -e kn-n .

-

hhrstnaihb on Ki 's .

where . ( µ! . .hn
) ⇐ k.tw#.I ! is the multinomial ↳efferent .

I Recall Mississippi rule ) , representing the number of
"

rearrangements
"
'

Review of three principles .

Fhm 3.3 Principle of mathematical ihdnetnon

Let Sch ) be an open statement involving the positive
↳ we don't know if it's true or not

integer n . If :

Base case S C 1) 13 True .

-

i

Inductions : for all text , if S Lk) is true , so

is SL let 1) .

Then Scn ) is true fan all he 1 .



To prove this , we need the following lemma
.

lemma-3.it . (The well- ordering principle ).

Every non- empty set of positive integers has a least element
>

Smallest .

fort , Suppose Scn ) satisfies the base case and the induction

step . Let set f = { Kal i S LK ) B false ) , the
d.

collection of k 's .

set of positive integers where s IK) tails . Wait a F- =p ,

suppose . F is not empty , then by Lemma 2.8 , E has a

least element m .

The base case holds a 1 I F

m is the smallest : m- T & F .

⇒ S ( m- I 3 13 True .

By induction step , so is S ( m ) . ⇒ m IE F



This contradicts f having a best element , Seo F mustbe

empty .

( proof by contradiction 7
. De

E.x. 3.5 Leo Scn ) bei EI! 2 " - 2 " - 1 .

-

show that Sch) is true for all no, 1 .

Mt
.

Base case i n = 1 .

-

tag 2
I
= 2

°
= 1 = 2

"
- I

.

✓

Induction step and assume Stk) is True .

-

> Let k 71 ,

( This is called the
"

Induction Hypothesis
" ) .

K- I

→ I z
i
= 2K- I

F-0

then k

2¥25 = ¥
"

2 it 2k = 2K - I t z
k

= z xx
"
- I

= 2kt ' - l .

Therefore , S 1kt 13 holds
.

By PMI ,
Sen) is true for all n 71 . 1$



.

Use the PMI and Pascal 's identity to show

the
"

hockey stick identity
"

i for all non- negative ihtegers

O E r <
n
,

Elise : : ) .

-

sums of binomial afferents
.

Prt
,

fix 0 Er - n ' , we perform induction on n
.

Base case
-

i n
-

- n

⇐ can .- E. cnn.ee .

-
- c :#i -- in: : ) .

Induction step
-

i
let my r , assume .

Enl : ) - c :!:3.

then . for n = ht di

Eic :S .- Eicher: )
ka

-

- c : him: 's

Pascal 's identity
T

" ( III ) .

By PML ,
this holds for all n .

129



Recall ①
→ (9) =L .

-
-

d ly y

"

Pascal triangle
"

s
'

y 2 ①
a

→ /
IT 3 ④ lie ) -- Chi

' ) -' CI )

n--4 1 It ④ ④ 1
-

y
4--3 )

1 5 ④ no 5 I

1 6 2015 6 1

\
1 7 21 ⑤ 35 21 7 1 .

L
l:)

• Element of nth row .

heh column : ( Te ) binomial coeffecneno .

• Pascal 's identity .

"

"

Hockey stroke identity
' '

(} ) (3) + (3) + ( E) + E) tf )
A- 6

F- 2.

Looks like a Hockey stick .

• Fibonacci sequence
. ( later ).

1 , I , 2 , 3,5
if i 13 , . .

.



Think (The strong Induction principle ).

Leo Scn ) be an open statement involving the positive integer n .

Leo Is no En, If i

Basecate
,

S ( no ) , Schott ) , . . . ,
Sch

,
-1 ) , Sing ) are true , and

Indhetnenstep
.

Fon au k > na
, if Sen . ) , Schott) , i -

-

s
Shhh)

,

SC k ) are true , then so is Scheel )
,

then Scn ) is true for all n > no '

tf
,

Assume the above conditions hold
,

Let Pch ) be the statement

that
"

s ( no ) , S ( noth ) , c . .

, S ( hat n - t ) are true
9
'

basec-ase.in = 1 . pcy ) is true by own assumption .

Induction step
-i Let k 31 ,

assume Plk) is true .
Then

s ( no) , . . . ,
S Cnn th- l ) are true , By our induction step assumption , this

implies S (Mtk ) is true , therefore ,

S ( no ) , . . . , Schalk- l ), S chat k) are true ,

⇒ pl ke n ) is true .

By Pms , Pln ) is true ton all n .
>, y ,

Note that Pl n - hat 1 ) implies Scn )
,

=) Sch) is true frm all n .

⑤



E.Xi 318 You can buy mozzarella sticks in bags of 3 on 5 at
-

MAX ,
show that ten any n z 8 , you can buy eaaetly n strokes ,

Pnf Leo Scn ) be the statement .

-

"

n =3 at 5 b f- on some non-negative integers
a , b 4

.

If Sin ) is true
, then you

can buy exactly 8 stacks .

Base case n = 8 .
n =3 ( 1) t 511 ) .

- .

h = 9 . n =3 C 3) T 510 ) .

N = 10 ,
h =3 C o ) t 5 (2) .

So
,
S C 8) , S l 9)

, s Clo ) are true ,

Induction step and assume that SCS )
,
SC93,

-

i Let k 310 ,

- . .

.

S Lk) are true . Then K- z z g .
so S Lk-23 13 true

,

Note that K -2 =3 at 5 b for some a. b . Then

let 9 = (K-2)+3 =3 ( at 1St 5 b .
.

therefore , S ( ht 1) is true .

By strong Induetrm .
Sch ) is true fan all n i



E.x. 3,9 . The first few numbers in a Fibonacci sequence ane

-

y , y , 2 , 3 ,
5 if ,

13 , 2h . - - .
More formally , the sequence is defined

recursively by . fn -- 1 . fo -- 1 . f. = fu, t f . - z ,

ton n " 2 .

-

Leo r be the positive root of
.

p2- r - 1--0 . So

At fi
r = 2- I

he 618 .

Show that for ns, 2 . f-no, r
"-2

,

Pif
.

We use Strong induction . Leo Scn ) be thestatement .

f- u 3 r
n- Z

.

Base case for h=d , 3 .

-

then f- a = I > 1 - r ° . ✓ .

£3 = 1-11=2 y 1,618 - r d ' ✓ .

S (2) , S ( 3 ) are true .

Indnetnonstep .

. Leo k , 3 , assume that SCD ,
SL3) I " ' isLk)

are all true , then .

turn = fat ta - a

3 p
k-Lt ru

-3

since
r solves

'

- r
"" ( rt n)

ie- r
- i
-

- o
' j r

k-- Cr
-

y



= n
k- I

Therefore . Sveta) is true . ⇒ Scn ) true fan all n 32 . ffg

Remade
.

This value r -

- HII is called the golden ratios It is

known that hyp tf÷= r . f- e )

• How come ? ( sketch ) .

Golden retro ,
he - tab = ÷

⇒ y = It te ⇒ 4
-

- ie - I - o.

In Fibonacci : let a - f-mi , b - f- n .

¥
.
ten

.

It 1-Intl fnt ,
9 -

i:÷÷÷:
'

Golden
spiral

" T#¥,Hete


