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Principle of Inches nm / Exclusion

F41 .

Out of 100 students , 56 are registered with the math circle .

63 are registered with math club , and 42 are registered with both
.

How many students are registered woah nothing ?

( If we simply subs tract 63 and 56 from too , the we get
- 19 ,

which makes no sense .. why ?

Because he subtracted the 42 students who registered 1h booth courses

twice . )

Sel i 100 - 63 - 56+42=23 .

-

ma.

na. ..

E.X , 4,2 Let X be a set , 1×1=40 , Leo A , B , C E X with
--

IA I = 15 , 1131=12 , lol -

- 74 .

(AABl
-

- 9 , IA ne 1=7 . ( Bnc 1=4 . I An Brc I =3 .

How many elements in s ) ( AUB UC ) ?

Sol
,

first
,

. 40 - 15 - 12 - 14

( s abstracting An B , Aac , Bae twice
.)



Second
,
t 9 t 7- t 4 ( add them back ).

( Aa Ba c has been removed 3 times , and added back 3 trues)

lastly ,
- 3 c remove An Bac ) .

I SI CAU B U C) I = 40 - 15 - 72 - 14 t 9 t 7- t 4 -3 = 16 .

:
Notation
-

.

Let X be a set ,

- Leo P -

- f Pa , Ps , . . . , Pm } been family of properties .

e.g . Pa =

"

belongs to set A
"
'

Pa =
"

greaten than 3 and smaller than 7
"

- For S E { 1,2 , . . .
,
m }

,
let NCS) be the number of

elements of S stabbing at least the properties P
-

f i , its 3 :

- For S = 01 . N CQ ) = ( x I
.
(satisfying at least nothing ?

- clearly ,
N ( 513 ) x N ( 11,23 ) .

QI
.

In EXi
,
Let P, =

"

belong to A
"

Pz -
"
-

i . - B
"

Ps =
"
- i .- c

"
.



Then N ( O) = 40 '

, N C 113 ) = 15 . N ( 121 ) = 12 ,
N (S3 ) 7=14 .

N ( 11,23 ) = 9 . N ( 11133 ) = 7 .
N ( 12.31 ) = 4 . N ( 1112,33 ) =3 .

The # of elements satisfying none of Pa , Ps , Ps :

N ( Q ) - N ( H1 ) - N C 14 ) - N 1133 ) t N ( In , 21 ) t N ( 11133 ) t N 12,3 ) - N (11.2.31).

\ I - - I - I

←I 33
ft )

" (-y )
2

Thm4i3 ( Principle of Inclusion 1 Exclusion ) .
Let x be a set and let

p =/ Pr . . . . . Pm ) be a family of properties . The number of elements that

satisfy none of the properties in P B given by :

÷
2,

i - 1)
"
NCS ) .

S E {112, " . , m }

E.X.lt#
.

How many integer solutions are there to

Xp -1 Xzt X 3 = 20 , with O E Xa s 8 , O E X s E lo , O E X z E 12 ?

or

,

X it Xzt Xs = 20
"

Fon Xi , XL c X 3 70

"
Stars and bars

" method :

Imagine we distribute 20 balls to 3 people :



O O O 0/0 O 0/0 O O O O O O O O O Q O O

- un
--

Xi Xu 43

How many way
' ?

( WI ?
- t )

) - ( I ) .

( Remark : How
many solutions to

'

Xlt Xzt . - T X
K
E h .

?

4 .

Ie's equivalent to
"

X, -1 -
-

- t Xute = n

in ::
' ' I . I

Lef X = { Ha , Xz , Xs ) : X , -1×2-1×3=20 , Xi , Xr , X ) 70 )
.
then we

know there are

( 20,13,
- t

) = (%) integer solutions , with b. xrcxs > o .

so 1×1=13 ) .

Leo Pn =
"

x
,
> 9

"

PL = "
112711

"

P3 =
"
X 3 713

" '

Ncd ) = 1×1 = ( Y )

Giving 9 as tox . . there are (
"

I
'

,

"

) = ( Y )

solutions when X , 79 . Xz , X, go . So N ( 113 ) = (
'{ ).



Similarly , giving it is to Xu
, there are ( 9!? ?

' ) = ( Y )
solutions to when 1127, Mi Xi , X370 . So N ( 133 ) = ( Nz )

similarity . N ( 533 ) = ( Y ?? ) = ( I )
.

Giving 9 1 's to Xr , and 11 1 's to k , there are ( Y?! ) - 1

Solution when X 179 ' 1127111 X 370 ' so N ( 11,2 ) ) = 1 .

There are 0 solution when Xi 79 , Xu >so . X } 713 . ⇒ N ( 11137 ) = O

- I .
- Xi 70 . 42711 i 43713 .

ML 12,3 ) ) = O

- Ii - Xi 79 ' X 2311 , Xg 713 , NL 1112,3 f) 20

By thin 4.3 , the number of solutions to

X.+ Xz -1×3=0 . OEX , E 8 , OEXL Elo i OE X 3 E 12 13 given by.

N ( ol ) - Num ) - NIKI )
- N (133 ) -1 Nfl 1133 ) -1N I 12.33 ) TN ( 11123 )

- NIM , 2,31)

= ( I )
- l 't ) - l ! ) - (9) ti

Exercise .

Ln how
many different ways can

"

UPPSALA
"

be

rearranged . sit . there are no occurrences of

" LAP
"

,

"

UP
"

,

"

SAP
"

, on

"

PAL
"

?

Sol 676 .



E .

How many integers - between land too are not divisible by 2.3 and5 ?

( Sol : 26 ) .

⇒ Enumerating sy-eet.by i

-

Leo A ,
B be two sets

.

and fi A → B a function .

- fl A ) = f b EB : b -- f ca ) for some a GA ) , the mage of A. under f .

- f is a surjection if f-CAT -

- B .

- Lf f a surjection then IA I 71131

Question .

.
what's the total number of snjeetnns from A to B ?

Leo A -

- f ai , saz , . .
.

.
an l

.

B = { be , bz , - . .

,
b m } .

with n z m .

We say there a function A → B satisfies
"

Pi
"

tf bi & FLA ) .

Lemma#5 Leo S E f n , z . . . .

,
m 3

,
with ISI -- k

.
the number

of functions satrsfrpy Pi for every i C- S is (m- k )
"

'

Mt .

Denote C = { bi i ie s ) , then ICI = k ,
we can think of

functions from A -w B as strings of length n . taking elements from

B where f- maps to .



f- Can ) = be . f- lace)z by
eigg

.

{ barbs , bn , by , b s 3 . ⇒ flat -- b,

f- cass : b ,

teas) -

- b, .

Then functions satisfying Pi : Strings of length n taking elements from

BIC .

In total : (m - K) elements . so there are

(m-k )
" '

such strays .

Definition 4.6 Fon n >, me, 1 , the Stirling number of the
p

-

#

Second kind
-

is given by

{
"

m ) - mL, EEC-1342 ) @
-h )

"
'

Thm4i7 .

Leo ( Al = n . I Bl -- m
,

h " m . then the numbers

of surjection from A- to B B

S en , m ) = m ! {
"

m ) = ⇐ l- 13k ( L ) (m -k )
"

'

PF Note that a surjection is a function that fails all
-

Pa , Ps , .
- - . Pm .

For each k , there are ( mu ) subsets S E { 1,2. .
. . . m ) .

with ISI -- K .

For each such S . there are Lm- k )
"

factors satisfy pi.

for all i E S .



Therefore by the principle of Inclusion / Exclusion : there are

Scn , m ) = Z
Ss sea . . . . .mg

(- 1)
s
MCs ) .

= Em tis " ( L ) (m -h )
"

- w

th of subsets
NCS) when ISI - k ,

Swpjeefhay . of size K . 18

Exit. Grandma knitted 5 distinct sweaters .

In how many ways

can she give them to
3 grandchildren sit . each child gets at least I ?

-

sod ,
This is the number of surjection s from { sweaters } to

{ grandchildren } . , which is .

S C 5,3 ) = ÷
.

C- i >
k ( L ) (3 - k > 5

'

= ( ? ) 35 - (3)
25 -l l ! ) 15 - ( } ) o

5

= 150

Application 2 Derangement .

A derangement is a permutation. O sit
, OCio ti for all i.



e. g .
= 4312 is a derangement of 9234 ,

O = 42013 is not
,

Thm_4i9 The number of derangement du of { 1,2 . . . . in } B given

by i

da = II. l- 13k (
"

a) d- k ) !

Art .

Let Pi be the property Oci> = i . Let S E 51,2 . - - ' in }
,

the numbers of permutations satisfying Pi for TGS i3

Nls ) = ( n - ISI ) !

For each K . there are ( L) subsets S sit , ISI ale ,

so dn = I f- 1)
"
Ncs )

SE {1 . . . .in }

= E. ti ) " C : ) Cn - us !

cm ↳
(n-$17 !

# of S

s it . GI- K .

£Xe .
You randomly send out 5 application

letters to 5 universities
.

Ln how
many ways can

you mess up
all the applications ?

sod .

. ds = I
,

←HII ) 15 - k) !



= (3) 5 ! - (9) 4 ! + ( E) 3 ! - 1312 !

+ ( E) r ! - (F) o !

= 44 .


