
F- 5 . Pigeonhole Principle . & Generating tens

Notathan a [ n] = { 112, . . . ,
n } .

Pigeonhole Principle ( PHP) : Lf m objects (pigeons ) occupy n places c pigeonholes )

and m > n , then one place has at least 2 objects .

age
.

If there are 13 students in the classroom
, then at least 2 have

birthdays in the same month .

Generalised pigeonhole Principle ( G PHP) : If m objects occupy n places , and

m s kxn , then at least a place has
'

at least Kt 1 objects .

HI
.

If there are 37 students in the classroom , then at least 4

students have birthdays in the same month .

Applications
-.

E.X.SI
.

A jewelery store
sells rings

with 4 gems placed in a row . each

gem takes one of
the 3 colours .

Show that if the stone has 82
rings , then

z rings
have identical sequence of gems .

.

- 82 rings are the pigeons

- each gem can be one of 3 atoms
,
so there are



3×3×3×3 = 81 . sequences . So there are 84 pigeonholes .

- By PHP :
2

rings here
the same sequence ,

E5I
.

For any A E [ zoo] with IA 1=701 .
Then there eabb min C-A

sit .
n Im ,

a
"

n divides m
"

"
m is a multiple of n

" '

- elements, of A be pigeons .

- For the- pigeonholes , look at the toe
sets ;

{ 1 ,
1×2

,
1×22 , . . .

1×2 '
'

. .
. ?

{ 3 , 3×2 i 3×22 , a - . 3×2
'
'

- . I

{ 5 ,
5×2 ,

5×22 , . - - 5×2
'
'

- e . } .
I

:{199 , 199×2 , 199×2 ? i . . 199×2 '
'

. . . )
.

For all numbers n E [ zoo] , n = 2k . of where of B an odd number
,

then n goes m the pigeonhole ' l q , fxz , efxz
'
. . . . }

.

So all 101 pigeons are in the pigeonholes , by PHP , 2 numbers

n = of .
2h

, m = of x2k are in the same pigeonhole , where K2> Ki . Then

n Im
,
since my = 2K - M is a whole integer .

EK
.

Take any subset A E [ 9 ] with LA 1=6 , then

It contains two elements x. y EA
- such that Xty - 10 .



- The 6 elements of ft are the pigeons

- hens iden the following pigeonholes :

{ 1,93 , 92.81 . I 3.7 I I 4 . 63 . 153 .

By PHP , some set contains 2 elements x and
y .

since 4531=1 . so the pigeonholes - that contains x and g are from

the other than sets .
⇒ xty = 10 ,

EXi5I . Suppose 5 points are placed in a equilateral triangle

with side length = 1 .
Then there are two points whose distance

apart is at most I '

µ• :3 EI .

=
consider the 5 points to be the pigeons . Split the triangle

into 4 smaller triangles A , B , c. D .

AY¥¥
-

I
2

By PHP , one of A , B , C and D contains 2 points . x , y ,



and the maximum distance within a smaller triangle D Z
.

so

the distance between x and y is at most I
.

Generating functions .
-

- Denote a sequence Ao
, an , as . . . .

. by 1 Akio
- We associate a function

f-(x) = 5¥ Ak Xk '

= Aot a , X t 9254 - . .

- Fix) is called the generating tantrum of Santino
-

Fon a fixed neo , consider :

E-Xi 515 Consider the sequence { awh! given by an = ( Y) ton-

b- 0 i 1 , . - . , h
;
Ah- O . for keen ,

By the Binomial theorem, the generating ten is

Fix ) = ⇐ an x
"
= Eg ( f ) 1

""

x
"

=L nex )
"

'

E.X. 5.6 Consider { An I % given by-

Au -- 1 for k=o , . . -

, n
,

I
am. o for a > h

is

The generating ten is fcy , = I aux h= It x -1×4 . . . -1 X
"

Uzo



Note that I - X
" '
= (next . . -x x

"

) - txt . . - c- Xml)

= F Cx) - X E CX)

= ( I -x ) Fox)

4- x
Mt

So F Cx ) = -
1 - X .

Exercise 1 Show that the generating further ton fan Into where
#-

an -- (
"

II ' ) -

- (
"

I
"

) is given by

F- Cx ) =
1-
X- x )

" '

why use generating tens ?

- allows us to use analysis to solve some combinatorial problems

- we will hook at some basic uses only ,

1h this lecture series
.

Multiplication i Lea Fix, = Ig an Xk , Gex ) = ZI bu Xk , what is the

Kth term of Hex) = Ex) Gox ) ?

Note that the (ked) th term = h u Xk '

collecting all the Xk terms : Take ajxi : Aj Xi bu -j x
"J

= Ajbmjx
"

so the heh term 'h Hix) : Ig
.

ay buy x
k -



Eik 5.7 Use generating functions , find the number of solution to
-

Xrt XLt Xzt Xx t X s -- k .

{
Xz , 42183.44 . 1/5 70

SI . Leo Santa! , { bala! , Scala! if data! , Senta! be

the number of solutions to

X n
- K , Xu -- K, X z - K , Xie = k , X5=k

{ Xi 70 {
4270

l
X} no

{
4470

{
11570

respectively , clearly , an- bn -- ca-- du -- en = 1 ten all kno .
Now

-

each element .

Let ftcx) = Bix) = Ccx) =D ex ) - E Cx) be the generating further , then
,

is

A- Cx) = Z x
k

Keo

Note that I = µ + Xt . . -t Xk -1 . . . ) - ( xx x ht . . - t Xk" e e . . )

= d - x ) Hex )

⇒ Atx) = ¥ .

Now Leo S CX) -- Hex) B ( x ) Cc x ) D Cx ) Ecx ) = ¥55
,

then the

Kth heefferent of S Cx ) is the sum oven all solutions to

Xr --Ka , Xz-- les , . . -

, Xs --Ks. .

sit . Kitkat Kitkat Ks- -K .

Since Six ) =

ys , by exercise : , the teth coefferent B



(
"

Ii
'

) -

- ITI
' '

) -

- (
"

I ?

E.K5I ( Similar)

How
many integer

solutions are there to

Xitxzt Xz = k ,
sit .

O Ext e- 5 , Xz even , Xs is a multiple of 6 ?

SI
.

Let faa } ! be that an B the number of solutions to

X n Te , o E Xl E5 , then
.

( Ao -

- A1 = . . . = Age 1 , Ah = o ,
h 76 ).

Fax) = ⇐ an Xk = It Xt x'+ x 't x4tx5=

Similarly , let { but I
.

- i . -

Xz = K , X, even

Fb (x) = ⇐ bnxk = It x't x4t . . .
⇐ ⇐ (X' )" = ÷×z .

Let { Cala-5 - a - .

X3=k
,

1/3 13 a multiple of 6 .

Fc Cx) = It x by x
"

t . . .

= 5£45 " = ¥×6

Leo Su be the numberof solutions to the original system , then



S ( x) = ZI Su x k = Fax) Fb Cx ) Fcc x)
=
'¥5 .# - ÷*
I

=
-

X - x ) CI- X
' )

1

=
-

y-xJett x)

Leo Sun = ¥× + + ⇐y
⇒ A = ¥ , 13=14 , C = I .

So Six> = ¥ ( ×,
) t 411¥ ) t It y )

= 14 I. ex>k t ¥ EE Xk t I E. teal ) x
k

Therefore , Su = ¥7! ¥ + IL Kt 1)

Reward
.

The generating tons we have seen so far are
"

tombmatron - like"

sequence , since they don't grow too fast .
There are also

"

permutation - like
"

sequences
that grow faster ., we need to alter the definition

Def
.

For a sequence late
}Ei
, define the Exponential generating further
-

P An K .
to be f- ex ) = I

To ! X
k-0

E.X ,
5. to
-

Lf an = 1 . he, o .
then



Fix> = ZI ÷ = ex .

E.x.5.tl
.

Recall Penck ) = µ"÷) ! .
For a fixed n , let Aue Penck)

fan o E Ken ,
and Ak -

- o . fork > n . then the exponentialgenerating

ten i3 n n

Fus - ⇐ f÷xk= ? a.LI#ixk

= £ (
"

a) xk = (tix )
" -

k=0

( gen ten ton (
"

n ) and eapgen ten ton penile ) ).

E-X.5.tl
.

Let au -- f
° Kem

ther
q k odd .

Fix) -- xx ¥
.

+ If, t . . .

= It Itxt + ¥, + ¥ ,
) - Ill - HE, - ¥, -1¥.

- - . .)

= 's ex- Ee -x =
2 .

E-Xi5 an . I
1 Keven

o K odd .

Fox) = It? c cheek ! )
.




