
Fb : Recurrence relations

we have explicitly defined a lot of types of numbers
. Foneaample ,

we defined :

h ! = n ( n- I ) ( n-20 - . . - - 3.2 - 1

pink) = n ! In- k) !

( na ) = n !he ! Ln -n !

Sometimes explicit formula is difficult ( or impossible ) to find . so it's

Lonvinient to have a recursive definition :

ecg .
n ! can be defined as

{
It ⇐ I

n Y : = h ( n - 17 ! h 72
.

e. g i ( Fibonacci sequence ) ,

1¥: : : .
En = Fn- i t Fn- 2 ,

e. g .
Instead of using the explicit formula f-on ( Te )

,

we can use

Pascal 's identity to define .

.

Ii :: : :th ) = 1

(
"

I
'

) = (
"

r ) + ( I , ) ,

n > r 71



Solve problems recursively
-

To solve some combinatorial problems , we can start by finding a

recursive formula for the solution .

E.X Consider a n x 2 checkboard, and a set of 1×2 and

z × 1 domino pieces .
In how

many ways can you cover the checkboard

with the domino pieces ?

BBB
.

Leo f- n be t.my#aysoffrllnja2xncheetboard .

then f- a = 1 . f - = 2 :

⑤ DIE THE
Fon na 3 , we consider a tale of 2x n board by either

of the two following :

i) a 2x X-D tiling and add a ventricle the :



ft - - - - HB
-

n- h .

ii) a zxln -2) tiling and add 2 horizontal ties :

tD#m
-

n- 2

There is no other way .

So we have :

{
fr - I , fa -- 2

f- n - far , t fa- z ht 3 .

3-any
-

Fix How
many tannery strings of length n dint

contain 12 as a sub string ?

SI
.

Leo Sn be the number of such strings . then So -- 1
.

(empty string ) , Sy =3 ( o , 1,2 ) ; Sz = 32-7=8
-

because it contains 1123
.

Fon n 33 ,
we construct such a stray by taking a

"

12 - avoiding
"

string s of length n- I
,

and adding o
, 1 , on 2

at the beginning . to make it length n .
However , tf s started



with a 2
,
we can'o add 1

,

we can have an 12 - avoiding sequence of length n- I by taking

such a sequence of length n-2
,
and add a 2 on top .

So the nnnbenof sequences of length n -1 with 2 as

its first drgrt B S n - z
.

-

↳ add a 2 on top of Ln-23 - sequence

Therefore ,

Sn = 3 Sn - i
- Sa

- a

[#
#

add oil . 2 on

↳
add 1 on top of

a sequence of length a - ,
a seethe starting with 2

.

So = 1
Therefore '

\ sa - 3

SL = 8 .

Sn = 3 Sn- i - S
n - a

,
n x 3

.

Exercise 1
-

( Cat on stairs ) .

Consider a cat that jumps 1 on 2 Starrs each time
.

How many different ways can it jump up on the top of the stairs

with length n ?



Sol
.

Let f.cn ) be the number of ways to reach the stair,

The final jump is either of length 1 on 2 . therefore

f- ( n ) = f-Cn- l ) t fin - 2)
-

why ?

where f ca ) = 1 , and fed = 2 .

( same as the domino example ! ).

Exercise
,

suppose you want to tile a 2x n chessboard with the

following two types of tiles .

ITI am LT

where all the rotations are allowed . e. g . a 2x 3 tile
.

I
Let An be the number of ways of thing a 2 xn board

. Find an
.

Sol
.

First we will find an , an , a , .



ai -- l : If

a-
- s

'

1€ TI III
Fg

rotate
.
4 possibilities

Az = 11 . ( area = 6 )

III Fa¥¥x "

t¥# xx IIT IIT
we can form a 2x n tiling from previous 2x K . trlnys .

Ka n .

- add 1 column on 2x Ln-17 by

III. - a way
-

n-I

- add 2 columns on 2x ( n -23 by.

IT A 4 ways , as in a ,

why not IIT ?



- add 3 columns on 2x L h-33 by

TITI - aways .

-

÷

Therefore , An = An- i t 4 an-at 2 an-z
, for n 34

.

E-X (Padova n sequence ) .

B defined as follows :

Po =p, = Pa = l

\ pn= Pn- z t Pn-3

The first few values of Pn are.

I , 1 . 1 .
2 .
2

, 3
.
4 . 5 ' 7 , 9 . 12 ,

16 . 21 . 28 . .
.

Recanter
.
Spirals of squares have side lengths that follow the

Fibonacci sequence .

Nog spirals of equilateral triangles have side lengths that

follow the Padovani
sequence .

( Illustration Next Page )



E.Xi . (Pell numbers ) defined as follows .

I :: : :
Pn = 2Pa- it Pu-z

.

Recauigol-denat.no i y = f- = atab
,

⇐ EB )

1ME

spiral
- - - - .



Silver ratio : Zatab = I = :S, = I + Be = !:3 PIT

mage :

# *a

Ex ( Triangular numbers . )


