
Play longer when It matters: optimal match length in
knock-out tournaments

Yuqiong Wang
yuqw@umich.edu

Joint work with Erik Ekström

Department of Mathematics
University of Michigan

The 5th Italian Meeting on Probability and Mathematical Statistics, Palermo

June 9, 2026

Yuqiong Wang (University of Michigan) Optimal tournament match length June 9, 2026 1 / 13



Outline

1 Motivation

2 The tournaments: fixed length and sequential

3 Comparison of fixed-length and sequential matches

4 Some remarks



Motivation: knock-out tournament design

The goal of a tournament is to single out the best player. Sometimes we
think later stage games are more important:

Table tennis/badminton. Early rounds are often best of 3 sets, while
semifinals/finals are 5 or 7 sets.
Boxing. Title fights are scheduled for 12 rounds, while non titled 4-10 rounds

Does this make sense intuitively? The final determines the champion, while
earlier rounds are numerous and each is less “informative” for the final winner.

Does it make sense statistically?
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Motivation: knock-out tournament design

In this talk we study how to optimally allocate match lengths in a 2n-player
knock-out tournament.

Two design questions:
1 Should later stage games be longer?
2 Round allocation: If yes, what is the optimal round-dependent schedule?

Are the optimal designs for sequential and fixed-length tournaments different?
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Problem formulation

There are many different forms of tournaments. Of the knockout types:
Football, table tennis,. . .

Children game, sorting:
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Problem formulation

We consider a setting with 2n players (of football type), each of whom has a
distinct rank
A match between Player i and Player j is represented by a stochastic process

X ij
t = θijt + W ij

t ,

where W ij is a standard Brownian motion and

θij =
{

1 if player i is better
−1 if player j is better.

We assume each match is equally costly, and evaluate the cost criterion

inf E
[ n∑

k=1
2n−kτk

]
where the inf is taken over tournaments such that

P(the strongest player also wins the tournament) ≥ β.

In stage k, we use the same rule for all the games.
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Matches of fixed lengths

We first consider a set-up where each match in stage k runs for a
pre-determined time Tk .
If X ij

Tk
≥ 0 in stage k, Player i is declared the winner. Probability i is actually

the strong one: Φ(Tk).
Assume that each match is equally costly, we consider

inf
{Tk }n

k=1

n∑
k=1

2n−kTk s.t. P(the best player wins the tournament) ≥ β,

for β ∈ (2−n, 1).
Observe that the strongest player wins n matches of lengths T1, T2, ..., Tn
with probability

n∏
k=1

Φ(
√

Tk).
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Matches of fixed lengths

The optimization problem can be written as

inf
{Tk }n

k=1

n∑
k=1

2n−kTk subject to
n∏

k=1
Φ(

√
Tk) ≥ β. (1)

Define the Lagrangian
L({Tk}n

k=1, λ) :=
∑n

k=1 2n−kTk − λ
(∏n

k=1 Φ(
√

Tk) − β
)
, λ ≥ 0.

Theorem 1
Let β ∈ (2−n, 1) be given. Then there is a unique solution (T1, ..., Tn) with
Tk > 0 for k = 1, ..., n to the system{

φ(
√

T1)
2n−1

√
T1Φ(

√
T1) = φ(

√
T2)

2n−2
√

T2Φ(
√

T2) = ... = φ(
√

Tn)√
TnΦ(

√
Tn)∏n

k=1 Φ(
√

Tk) = β,

and (T1, ..., Tn) solves the (1), where T1 < T2 < · · · < Tn. Equivalently,
βfix

1 < βfix
2 < · · · < βfix

n , with
∏n

k=1 βfix
k = β.
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Sequential matches

We specify an interval (−bk , bk) for all matches in the kth stage, and run a
match until the posterior probability process

Πij
t := P(θij = 1|F ij

t )

leaves (−bk , bk).
The match is played until τ ij

k := τ ij(bk) := inf{t ≥ 0 : Πij
t /∈ (bk , 1 − bk)},

and Player i is declared winner if Πij
τk

= 1 − bk .
For each rule bk ∈ (0, 1

2 ), we have that

P(the better player wins the match) = 1 − bk .

Denote the expected value of observation time τk , µ(bk) := E[τk ]. The
constrained sequential tournament design problem becomes

inf
b∈(0, 1

2 )n

n∑
k=1

2n−kµ(bk) subject to
n∏

k=1
(1 − bk) ≥ β. (2)
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Sequential matches

Define for λ ≥ 0 the Lagrangian
L(b, λ) :=

∑n
k=1 2n−kµ(bk) − λ

(∏n
k=1(1 − bk) − β

)
.

The first order conditions yields

Theorem 2
Let β ∈ (2−n, 1) be given. Then there is a unique solution (b1, ..., bn) with
bk ∈ (0, 1/2) for k = 1, ..., n to the system{

2n−1(1 − b1)µ′(b1) = 2n−2(1 − b2)µ′(b2) = ... = (1 − bn)µ′(bn),∏n
k=1(1 − bk) = β.

(3)

Moreover, (b1, ..., bn) solves the optimization problem (2), and
b1 ≥ b2 ≥ · · · ≥ bn. Equivalently, βseq

1 < βseq
2 < · · · < βseq

n ,
∏n

k=1 βseq
k = β.
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Allocation comparison for a fixed budget β

Proposition 3
There exists a cutoff j ∈ {1, . . . , n − 1} such that

βseq
k < βfix

k (k < j),

βseq
j ≤ βfix

j ,

and
βseq

k > βfix
k (k > j).

Thus βseq
k − βfix

k changes sign exactly once, from negative to positive.

i.e., the sequential scheme tolerates more earlier round randomness and
compensates with stricter later round decisions.
The same comparison can be stated cumulatively:

∏r
k=1 βseq

k <
∏r

k=1 βfix
k ,

for r = 1, . . . , n − 1, while equality holds at n.
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What assumptions are essential?

Recall that we had many symmetry assumptions:
In the matches of different players, we always observe the same strength
difference, 1 or −1.
Each match is equally costly.
We always play the same rule in the same stage.
We start from a uniform prior.
The tree itself is symmetric.

What results still hold if we relax these assumptions?
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What assumptions are essential?

Blue: can relax / is true, Red: yields a different problem.

In the matches of different players, we always observe the same strength
difference, 1 or −1.
Each match is equally costly.
We always play the same rule in the same stage.
We start from a uniform prior.
The tree itself is symmetric.
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Thank you!
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