
The coin tossof problem ( HT213

Problem set-up Toss a fair ↳ in for many times ,

- .

{ Zi - Zz . . . .
.

3 . Zi E E H . -13 .

Define T ,
i= if I n : Zn - i = H .

Zn -- H 3
.

Zz : a Ihf ( n : Zn - i - H , Zn - T 3
.

Questor Does El e, ] equal Ela] ?

Intuition
.

{ HTS and SHH I both happen with ¥ probability .

so Efe, I
-

- Efes )
.

.

Trent 6 = E la . ] E Ela ] -- 4 .

Construct a Markov chain for { It , H s .

a .

¥
A H . HH .

Starting state
-

Let s = El Is →z ) .

→ what he want .

A = E [ 2z→z ] .

→ ( Expected hnltnftme
from different

"

first step analysis
"
. yields . stales to the absorbing state ) .



s = It Is + Ia
⇒ s = 6 .{

a = I t E s t Exo '

Similarly ,
tonstruct a chain for ( HiT 3 .

E⑤ ② ①
HT

.

Z .

→
when fails , start from the middle of the chain .

⇒ shorten time of hi-Huf .

Similarly, E [ Es→ a ) -
- 3 . El Te -sa ) - T

"

~ ~
n

s = I + Est E a '

{ ~

-

- Lt t
-

+ ± . .

⇒ 5=4
a a

Remand
.

Ask a question to a random person :

probability of SHHHHI and { HT HT} which one is bigger ?

The random person probably says . { HT HT 3.

We know that P ( IHTHHH ) ) =P HTT HT t ) , = #

Somehow this is also correct in the sensethat

it takes longer (on average) to see { AHHH I



Now another question-
n y

what of we want to see HT HH TH TH ?

Similarly , construct a Markov chain .

an⇒→ a

②
*
②
.

④ ⑤ ⑥ ⑦ ⑧

t⑤
t it

⇒

Q

s -- I -1 Il Sta ) c= It I Idt b ) f- = It El gtd )

a = It E lat b) D= It I let a) g = I + Is

b. = It I ( Cts ) e
-

- HE ( ft s )

5=266 ' ( 21+23+28 -

= 266 ) .
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What if we want to see longer sequence ? System grows .

Computationally complicated .

Trick : Constructing a martingale
. ( Shuo- Yen Li, 19 so )

( Like a lot of other cases in probability ).
" Gambler's team

"
'

Seavey
- . Want to determine { X , 42×3 . .

.
X m } .

Xi El 2,01
.

( H i T )

• We open a casino
. we are the dealer.

Each round we toss a coin .

Oho come " Zz
,

£2 , a - - .

Each flip ,
one

more player

• Invite players . Po
,
Pi
,
Pa
.
. . .

to bet on my daily activity.

player i enters the casino just before toned it 1
.

• Each player enters 2 Kr of wealth . they only leave if

They lost everything / seen the sequence EX , . . . . - Xml .

• At first round , . Pi bets 1 Kr on { Ziti = Xi ) .

I
2×1 .

,

Zier- Xi II )

O ,
2- rel - I-Xi l E)

• 2nd round . if 1h thegame
. bets 2 on f 2- itza Xo ) .



(
2×2 . .

2- res -- Xu ( E.)

O ,
Z in = I- Xu

'

( f )

" fair game
" !

After some rounds , someone gets lucky and sees the pattern
"

"

→ leaves the game .

After K rounds .Nergam Before seeing the sequence .

2k - I tf still in the game
.

{
- I

,
otherwise

Let G in = Net gain of PL r afeen round n .

Sni = I pl r in game after round n .

so

Gin = @
m
-a)Si't d - Si

'

) -- 2mi S 'n' - I

n

My gain Mn = ÷! Gini
'

( money collected by me up to time t).

⇒
.

M as a martingale .

Mo = o

El Min l Mn-i . . . . .

.
No ] = Mn - I

( Mn only depends on the history up to n - I
,

odds are fair for each player ) .



"

Doob 's optional sampling theorem
"

Mo = EfMe ] . for some shopping tire 2 .

for e . sit . Efe ] < is .

and

Ellman - Mnl] a c . a. s .

Define Zia Rf { hi Zn- me, - Xi. . . .

,
Zn = Xm )

OK
.

① 2 - MT .

where

T : = Mf { n i Zmnt , - . .
Z
meme,)

= Hi . . . id n ) )

T n geo e . I

⇒ Efe ] a o '

② At any time
n .
at most m people belong

Total increments a m 2
m '

o -- Mo -

- Elma ] -- ELIE
.

" Sei - D)

⇒ Elek Eliza -'
'

Sei )
.

i.
what we want .

Facto : Ao time e . RHS B deterministic . !

leg .

"

HT HT
"

- ,

At time e
,
how many players are still in the game

?



well at most 4 !

Want got s

Pre- i - H T O

Pa-2 .

. HT HT th

Pe-3 .

HTH . THT O

Pe-4 .

- - L
.

RHS = 2
← '""

t 2
e- K-4)

= 22+24.

In the general case . Phe- i is only in the game of

the frost J letters are the same as the last r letters .

Efes -

- EE
' saiga

cheek .

"

H H
"
'

2
'
-12

-

= 6
# i

"

ft T
"

2
-

= 4

"

HT HH T
'

H TH
"

'

2
' -123428=2-1 8+256

= 266 .


