
Lecture L
. Probability Preliminaries .

•Definitions (probability space .)

A probability space is a triple (r, F. IP ) .
where

•r .

. Set of elementary outcomes w .

• F : a O- algebra ( i.e . r GF , closed under complements . countable unions
.)
(

( set of events , collection of subsets of r)

⇒ (r. F ) : m ble space .

(r if ,µ) : measure space -

of µ is a prob . measure e> prob space .

. p : a probability measure ; F → lo ,
I ]

.

IP (r ) -- 1
.

( Kolmogorov axioms ) .

.

(Toss 2 he.ms . ) → Countable

r { Htt, HT , T H , TT . I
,
Irl - 4 .

F E
'
f {HH , HT ) , ETH, TT 3

,
r
, 0 ) .

P = e. g . fair .

E2 .

(Toss infinitely many wins to
Uncountable

.

SL - L H ,-130 . / each single outcome is an itfmie brag stray .



F ⇐ leg)
"

first is H
"
= ( l Htt. '3 , IHT . . - -3 . . . . }

.

p = . e.g . PCA ) -- I
.

Defile ( Random variable )
.

Leo ( r, F, R2 be a probability space , a random variable
-

X -

- r- R is an F - mble function . ice ,

w - Xcw)

X
-'
( A) i - I were Xlw ) c- A J c- f-

,

ton every Borel set It .

Remand
.

A r - v . induces a prob- measure :

ER Er

Bx ( A ) = IP ( X
-' IA ) ) .= :P HEA )

( one can get a new probability space : (r, F. Px ) . )

Bx : distribution of X.
, Ex ex) : = Ipx ( t - is , x) )

we say
that true riv 's X # '

Y tf

IP ( lower : laws * Yews ) ) = o .

Note that
"

as.

"

is stronger than
"

d '

.

( X =D Y F PIKA ) -- ply GA ) for all A .
)



Notation ; [ X - x 3 = [ war : X ( w) - x )
.

Def l - h 's L
-

- .

Expectation ) .

On (Rif , B ) ,
the expectation of X is defined as

• FIX] i - fnxcwsd Pews = ↳ x dlpxcx,
T

= Jxdp .

*

notation

• Let f : R → R be Borel - mbk , integrable ,
then

Effi X ) ) : -_ fnfcxiw) ) dlplw ) - ↳ fix, dpxlxs .

• The conditional expectation of X given event It . is

El XIA ] =ElX1#
B CA ) .

e. g . El Xl Y - yi ) i conditional expectation on the event {war : Yew) --y .
. }

.

'

Fux Ig ) = ⇐ El Xl Ant Ian .

,

OCA
. . . . .,A . ) - G .

↳
↳ gcf .

• Leo G CF .

hand rained expectation ELXIG ) B the nnrfm

ten i r- R .
sit .

i ) IE [ XI GI is g - mbk

ii) Ja EIXI g) dB = fax dB . for all A Eg .



• properties of hen dressed expectation
.

-

is . Tel El Xl g) I = ELX ) .

ii) If X B G - mbk . FIX Ig ] = X .

iii) If X 1g ,
EH 1g I -- FLIX ] .

Deft .

( Stochastic process ) .

A . Sip ,
is a collection of riv . s

.

indexed by t.LT .

.

In this house
,
we consider T = forb ) .

• For each t, we have a rim .

W → Xo L W ) ,
W E N .

• For each w
, we have a trajectory
-

f → Xt Lw ) i t G T.

EI .
"

K

"which::÷:
#

*

tix t '



Alternatively , X can also be seen as a map :

Xi Txr → R

No tatras Xlt) , Xo , Xtcw ) , X lo , w) .

- - .

-

i

• Def hh5 .
( Brownian motion )

A stochastic process W B called a B.M or Wiener process of

i ) W 103--0

ii) W has tantrums trajectories .

in) W has independent increments .

( i.e . rf ti - thats a tie , With - Wits ) 1 With - hilts ?

iv )
.

Increments are Gaussian
, and

if sat , Wits - Wis) n N lo , t - s )
↳ variance .

• A n-dim BM .
B W - ( Wi , . . . i Wn ) .

where Wi
. . . . .

Wh are mutually

independent .

Det .
iii. 6 . ( filtration )

.

( problem i we never know what w we drawn
, only what happened

up to now )



A filtration { Ft low B a family of thereof sub - 5- algebras

of F , F s
c fo for s - t . then we write

(r . F . Ft , IP ) as a filtered pmbabrlnf spare .

• A YIN question that can be answered at time t can be answered

at any later time
.

I. I again .

I { Htt, HT , TH , TT . )

Leo X i = result of the ith toss .
E lo , 11

.

Assume
"

first is Head
"
'

m which is our w ?

Xia IHH ) -- Xi 's HT ) -- I
. ,
Xi ( TH ) -- X , LTT ) - I

,

F. = ON , ) = [ {HH , HT ) , ETH, TT 3
,
r
, 0 ) .

Denote the filtration generated by X up to t.net
. by Fox

.

" The information of X up to t
"
.

↳ Fox )
• If by absent X up to be , we can determine if AEF has

occurred or not , we say A EFFY

•
Leo Z be a riv . and we can determine the value of 2- by Ff .



we say 2- is FF - mbk . Z o Ff'

• Lf X. T are s . p .
and Ya G Fox for all bro .

we

say

Y is adapted to FX ; Y E FY
.

EI
.

. Y . =

. Pg
"
s

.

c- Fox

• Y, = sup Xs a Fox
o ESE 36

↳ need to look into the future .

Beth
.

( Stopping time ) .

Let Tfa ) * o
.
be an increasing family of o- algebras . A fan

q : r → ( o . o ) is called a stopping time went lift . ) .

"f .

{ w -

- Tew) e- b- 3 t f- + , for all t .

in

↳ 13 a rev ,

• Remain .

TEA E
.

i) . I is a fo - stopping time , ii) . It [org is Ft - adapted .

-



properties Lt . Ti . Tr . are Fo - stopping times .

-

i) . I , Ats is also a Fo - stopping time

its INTs - a - .

iii) Titta - i .- .

Fd : prove the above statements
.

Exercise . prove that I, - la is Not a stepping time ,

E.X ,

i) . Every determinant is a stopping true -

{ tst ) €10 , r 3 .

ii)
.
( Hitting times / Exit times ) .

Leo X t be a Sip , in R
"
, Leo Xo E D C R

"

, we

t
define the fastening of X from D as deterministic .

Tp : = ihf It > o i Xlt ) El D 3 .

¥ . .

Leo A ER" be closed and non -empty , the first hitting

true of F by X is defined as Ernie
.



EI
.

""""*...

Ilwu) .

EI : Leo T l w> i = sup f t > o : Xo Lw ) = c } B Nd a stp true




