
Lecture 12 ,
Merton 's problem

Last
.

HJ B efn ⇐) stochastic optimal control

today . Examples . ( Especially in finance ) .

Example 10.1 ( Merton 's asset allocation problem )

Consider the BS - world , where we have a risky asset St :

d So -

-µ So dot of d Wo y

and a risk- free asset Br :

d Bo = r Br do

where Ms r > 0 a

Leo 's assume we want to invest a fraction L, in Sf , and the rest

( I- Lt) in Bt
, (assume Lt G L

' ) ice ,

a a

DX: - 4¥ ds. t t-t d Bt .
Bt

x d

= (Md. -i r l l- do ) ) Xo dt t od. X t
dWo .

We wish to maximise the expected utility at the T ,

✓ Hid = SIPE .. ( lol x: )] .

Remain .

.

i) The wtrhry ten 0 is usually increasing and ion ane -

ii) . We look for do , Markov control ; sit ,

do 70 ( no borrowing )



Steps
.

Writ the HJ B i

{ If t SIP f Ld VI tix> t o ) = o .

V ( Tix ) = Y l X )(

where Ld V = X I dnt 4- d) r ) Vy t I ok
-

X
' Vox

.

. We consider Bower utility
"

i 0/1×3 = Xt , t Glo , 1) i
-

or Use the anSatz : V (tix ) = Nlt ) 4 Cx) where NLT) = 1
,

Steps
.

solve fan Lor i

✓
+
= To 01 , Vy -- a Ox , Vxx - 170xx .

,

SIP { Ld VI tix> I = snap I n x ( µ-r ) at n ) 4×1--120242 a % I

=

snap f at ( Hr-r) at r ) Xt t Ir Ct-Dot ' n Xt }.
-
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*
= - = -
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↳ in fact a constant !
check i 2*30 ? V .

Seep 3 plug in da , solve PDE .

-
.

No Xt t a -Xt f HH-r ) dat r ) t Int - 1) EH.5) = o .

-

: K, constant .

⇒ At = - K D . , NLT ) - L .

⇒ Nlt) = exp f k IT - t ) ) .



Therefore , /Vlt,x3=erpfklT-t)T
By the verification thru , we have found the correct V and Lar

.

→
risk neutral

Remarry
.

i) when 8=1 , olcxs -

- X
, everyohmf in S !

ii) If we add "
no shortselling

"

as a constraint
,

i.e .

Lit ) E I
.

then L
-
= Ig÷ A L

.

iii) we can also take 4 = Log x →
"

Kelly criterion
" '

Arisa : V (tix ) = 9lb t alt ) .
,
then similarly .

x. = - MII ×÷ -

-

MI
or

Rio t ( rt HT ) =o .

,
NIT) -- o . ( cheek ! )

÷

⇒ Nlt ) = K (T - t ) .

V It , x) = hey CX ) t k l T - t ) .

Alternatively , By Lcd ,

E.* l tog ki ) = log Xt Eml film-roast r - Eko- Tds)

(



M- n
⇒ L it , x ) =
=

→ Same conclusion !

Exercise Use this
argument ee check the result when 4 a X

t '

-

Example 10.2 ( Portfolio optimisation)

Two assets ,
d Si - Mr Srdat OiSid Bo .

,
is [ 1,23

.

Solve

snap FL
,, ,
[0/1×73] , where L is the proportion in Si , and 4 - X

t
,
tacos)

.

Sod
. Entirely parallel - 12.2.

Example 10 . 3
.

I Exercise 9.1 )
.

Solve V It , x ) -
- SIP E, I e

- rtttlglx-f ) )
,

where

DX; = r x; t d , X sad Bs .
.

So I
- .

Leo actin ⇐ SY flax lgcki) ) .

Note that V (tix) = e-
"Tt)

U It , x )
,
where

U, + SIP { rxuxt Ex
-

x' km ) - o .

{ ULT, x) = gcxl

Alternatively , plug in u a er"
-t '

V
g we have



vet Sgp ( rxvxt I d-x' Vas )
-NN '

→ cheek !{ V LT . x) - gcx)

Thm 10.4 ( HTB with discounting ) .

-

Leo Vitex ) - sa :p, E.nl/.te-sieudny;dste-siBsdsocx; )),
where P f -- f it , XP , do ) .

then V solves .

Vo t '

II, { L
't 4- - Pct , x. a) V ) -- o

{ VLT , x )
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- 0/10 )

Con 10.5 ( HT B for infinite time horizon ) .

-

Consider the optimisation problem
•

pt
Vix ) = sup Eon

, l / e - Elk: . d) do )
x o

- here a > o ( discounting ) ,

HTB says

syp{ Iv -14
'
- pvt -- o .

Remain
.

i) V is time- homogeneous .

ii) Thee 's no boundary condition , but we need

e
- PT v txt) ,

o

for the verification thin .



Example 10.6 ( Optimal consumption f
-.

"

-on an immortal ).

We now extend 10.1
,
and consider that we have the opportunity to spend

the money continuously .

We consider now the infinite thehorizon case 7--6 .

Leo C, be the rate of consumption and 4 be the
running ut.

-

tray ten .

Want :

V Cx ) -

- £71 F. * I /.
-

e
- Ps 4 Ccsxssds )

m

d

2-dim control

where p > o . Co Xo is the amount spent at t . Denote XI
"

by Yt , then

d Xt -- fallout 4-2)x. r ) dt t d Xt od Bt - c. Xrdt .

- - -

risky risk- free cash spent

correspondingly , Ld '
'

becomes .

I
" '

f = (anti-air - c) x txt ko'd ' x' tax

• Consider again , 4- In = X
t '

,

t Glo i D .

Step I Write HJB .

-
.

£711 L
"
V -14cm - pVI

'E' o

plug in L" ' ', we

get
.

(A) = San.pe { (anti-air ) xvxt I ok
'

x' Vax t 4 ccx) - Cx Vx }
.

--

depends only on a only on c.



= SIP { (anti-a) rdx Vx -110242 ↳ It swept 44×7 - Cx Vx ) .

Steps
.

Solve a - , C -
.

Leo V Ix ) = D ' 4 ( x )

* = SIP {DH author
) Htt 's tht - 1) Do

- 22×7-1 Shep flex)
'
- oepxt )

.

M - r I

⇒ t
-
=

Eye ,

C
*
= Dt- I . as both nonnegative .
÷

Seep3_
.

Solve PDE .

plug in La , c
-
i

p Xt ( flaky -Mru Itt 54*5) txt ( 6*1
'
- TED ) - p D xt=o

-
d

i - K . honest .
D F- I

= ) (K - p ) D t d- t.D.IT =o

⇒ D= ftp.ytt .

Therefore , Vix ) = ftp.t-k ) + txt; for p sufficiently large .

i.e .

the verification than holds . when p - K -- J rt It ¥g .

Furthermore ,

La, c
*
are tons tant processes as defined .



Comment on HTB8- .

L
.

2- might not east .

Fax ample 10.7 ( Unattainable optimism / 9.2 ) .

Leo d Xt -- at dt t dBt . Leo Vitex ) = 'II
,
Er
..
l XI ]

.

i. e . Bring XT as close as possible to O
.

In this case the optimal control does not exist !

• To see this , take Lo - - C Xt ,
X t becomes Ornstein - Uhlenbeck

.

X
,
-

- e-
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x t IIe -"T-nd Wr

J
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-t't IIe-24T-nd r

e

La
isometry = @ - to > e-

"""'
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.

Obs .
that V la , x ) 70 ,

and U l tie ) s 'hot J
-"
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,
then

o e Vitex) E ' ht l (x - - Ee > e-
"""'
t Ze

.

)

E 17
.
I M- tu le

-uh-H
+ I }
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• Therefore , V It , x) = o for all t <T c X ER .

• But L
* does not exist i

Assume da exists , by Lei ,



DM )
-

= 2x: Idiot ZXFDB . t do .

t

o - El# IT -- x 't Tell.TK/5a.tlsdsltIEl/.Ixs*dBs !
-

O -

Taking t→ T ,

- x
-
= HII

,
't
,
Elf! Luisa -ends)

> Ell him;t/Izx:amidst
a

Eaton = o .

It can't hold that X
-

so for all x ER, hontradretron . d
' doesnt exist

.

2-

• Alternatively , the associated HT B iz
'

Vo t { Vax t ' ht ( Lux I are .

L ER.( V ( T , X ) = x
-

when Vx to .
L= IN

. when Vx =o .
X is not defined . In

either way d- cannot be attained .

2
. L
-

13 not necessarily unique .

Trivial ,


