
Lecture LL
, Optimal Stopping and free - ban problems
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More realistically : set a barrier b
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. sell .
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Goal - How much do we get -
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i) Find V .

ii) find It .

- when do me sup ,

wehonsideni.it T = W . So V is time- independent .



ii) X t is a time- homogeneous teen diffusion :

d Xt -- MIX . > d t -i ol Xt ) of Bo .

Some applications
\
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Stochastic analysis .
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Let Bo be a LD - BM . Bo - x .
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Can't wait forever , when IBI is brg enough we stop .

ii) . Sequential analysis

Suppose we observe a BM with draft :
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Then to make inference , we test
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We want to minimise the probability of making an mistake ;
m

⇒ formulate an optimal supping problem ,

can be solved eaplrcrt.ly .\
my problem '( Shrryaev , 19697 .
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iii) Mathematical finance .
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American put operon i Can choose to exercise at any time
urn

before expiration T, and get gcse ) = - ( K - Se )t .
↳

eaierwsnj the .

Want
i

maximise the discounted payoff ; thus the price
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we will solve this neat Time ! ( w , T =p ) .

How to find V and It ?

Example II. 1 ( when do we sell the stock ? )
.
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Leo Xo be a GBM ,
d Xt -M Xt dit o Xt d Br .
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Assume i) Trading is not free i transaction host c > o .

it) Rate of dB country p - M i risk-free , tax , inflation - . .
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( T =p , startup at t-o =3 Value ten is true-homogeneous ! )



Vix ) -- sup FL
. . . I e

- B' l Xe - a ) )
Z i

-

Intuition
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There must be some threshold b .
>

.

o .
sit .

s
b > c . why ?

If x > b . sell immediately. → Ito

If × a b . wait .

Tns until when ?

• Let It : = if ft Ko : Xo x b ) , then this first cart Time

should be the optimal sappy tone .

• what is the boundary b ? Unknown
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free- boundary problem
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Question Can V be characterised by a PDE ?

i) when X > b , I * = o
, geo immediate payoff .
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A general solution is then :
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problem : b is strll unknown !
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Recall that we used Feynman - Kae on V
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'
.

Therefore , at the free- boundary b ,
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derivative from the left
from the right : x - c .
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Sanity cheek ft - I > o . ⇐ p >µ . V .
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Remark it we wait on E- ( o , b) One can verify V - g
- . .
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↳ exercise

waiting gives you higher value .

We step on D= -- lb , o)
, cleanly V -- g , waiting doesn't do

you any better .

We define :

continuation Seo C = { X E IR : V Ix) s g Cx ) }.

Stopping set D= f x ER : VHS = gcx , f.

ii) . typically , we consider I
*
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Is our guess correct ? We usually need to construct and prove a

verification thin for the problem we study .



Theorem 11.2 . ( Verification frm OS ) .

Consider the problem V Ix> = snap Elf g ( Xo ) ) .
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v e C- , and V solves the free boundary problem .
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Remark_
,

i) Moreover , assume g smooth in a neilson-hood of 2C

and J C is Trice "
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ii) In our cases . usually its possible to solve it explicitly

by
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guess and verify
"
.
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It follows that Er is an optimal strategy . ME
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Other formulations of OS :
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where the disunity process To e- Rt is



Rt = lot tilts Ids .

then V solves .
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equivalence .

Sometimes we want to minimise the host
,
the host function
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the method of
"

guess and verify
"
B entirely parallel

Applications
→

optimal stopping '

→ Free-bdr problem.
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