
Lecture 12 .
American options .

Last time
. Basic optimal shopping theory ⇒ free bdr problems .

today
. Examples .
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( Perpetual American put option ) .

We wish to find the optimal exercising time of an American pwo

with strike k > o , and with the underlying described in the risk-

neutral setting by .
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-

where r > o is the risk- free rate . f E [ o , r) is the dividend .

We can exercise it at any time b- so, it never expires .

pay off at t i ( K - X t ) t .
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risk- neutral pricing
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"

.

• what does the continuation region C
.

look like ?



" when its good enough ,
see p

"

when X 7k .

should always wait ! ⇒ I kinda C .

when X - K . g CX ) > 0 . but can't wait forever .
because

of the penalosathem in time .

There must be a threshold b Elo , K ) . Sit .
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• What's the optimal strategy T
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step 2 Write down the free - boundary problem .
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Assume candidate I solves .
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Step 3 Make an ansate and solve * ) .
# I

Ansat
.

Y ( X ) = X t
'

plug in a ) :

(r- 8) txt to-Ht- D#- r# =o ,
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quadratic efn , roots with opposite signs !
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. The general solution for T is
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( why ? when current stock price is high ,

it's very unlikely to

drop below k ) .
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bdr condition .
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Finally , by the verification thin , Y EV .
and Tt is

an optimal strategy .
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- what about calls ?

Exempt 1 perpetual American call ) .



Similarly , we consider

d X -- Cr- S ) X dtt od Bt .
Xo -- x .

with payoff gcx > = ( x- k ) T.
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.
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There must be a barrier b - K.. sit . when Xa is big

enough , we exercise . Otherwise we wait .

So
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Leo I solve -
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stop 3 Similarly , we obtain a general solution for Y :
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as x → o , I → o .
⇒ only consider tt
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" and

"

smooch fit ' :

C ,
= o-kb.tt .



K tt
b =

¥
.

← ok if his 1
.

ice . S T O .

when tt > 1
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when ft =L : b = is .
it's never opened to exercise !
we

Remade
.

when Tc is , it's still never optimal to exercise an

American call early !

Prt
.

Leo TET be any stopping time . suppose we exerciseat T .

we geo (Xa - k JT , the value at o would be
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Therefore , since (X - c)t convex .
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Xe - ke

-M) + I e Elle
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⇒ Should always wait until T !

Therefore , price of an American call = - " - European call .

( No dividend , f -- o ) .
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what happens if T - is ?

( put on call when f > o )
.

• Clearly , V is time- dependent . V = V it ex )
.

• The exercise threshold becomes time- dependent i b = b. It ).

• b ( T ) = K . ( why ? at T we have to make an immediate choice?

The free- boundary now becomes . C e.g . put I

✓t t LV - r V =o . in C .

| VI tix ) > ( K-x JT in C

✓ It, x > = (K- x )T ,
in D

(
V
.
It , x> = - l

.

X = bit) .

• Explicit solution is no longer possible . Can study the



Structural properties .
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