
• Why ,
how ?

Lecture 2
.

Ito integrals .

. properties .

( and the associated calculus to manipulate them )
.

Goat : Define fab Xlt ) d wit) .

.

•Question , How does the Stieltjes integral get us into Trouble ?

• consider two functions . t . g. on Io , I ] cont . how do we define the

integral of it wind , g ?

• Integration
'

theory , e) Take simple fun away?
Pimm- hamlet

in a nutshell D Extend the definition by teknf hurts.

J .
'

fix , dgex) = hmm
, /.

"

tncxsdgcx ) .

Is it a good definition ?

Two things to verify , D The limit exists .

-

a) The hurt is independentof the choice of fu

we state without proof here :

Lemma 2. I Suppose g has infinite narration TV ( g , oil ) =D.

Then there exists simple functions f- n .
which converges to f uniformly ,

such that Jo
'

fund gas diverges .



Therefore , 2) fails if we have something with infinite narration !

• Does a BM has infinite narration ?

Lemma
.

With probability 1 , TV ( W , a. b) =D for any acb .

Remain i ice ,
thesample paths of a BM are a. s

. of infinite vanTatran , this

means a BM can travel infinite distance in a finals true !

( Graph ) .

Can we weaken the assumptions ?

e. g . X (t) = f- (t) , deterministic .

A new hope : Things look nicer in mean square .

Lemuel
,

for any partition of the internal La , b ) ,

7. (Wtie , - Wti )
-

→ b-a
.

a. s .

"

finite quadratic variation
"

'

Ideas
.

r )
.

Should not allow looking into the future .
→ adaptedness .

ii) . Simply
'

consider a different type of convergence .

↳ hi .



Deft . litre sum) .

Leo Sip . Xt E L
-

la , b ) ,
re .

i) X sew) is Blair)) X F - mble .

ii) Xo is Few - adapted .

iii) El)ab Hdt) so .

Leo P be a partition of laib ) , the Lte sum I ( X , p ) is

defined as follows :

I CX , p ) i = III. Xltj) l wite , >
- wisp ) .

Thin 2.6 ( Im
- .

"

integral ) .

Leo P
"

denote a sequence of partitions of la , b] , such

that ( Pn l : = mjax I tie ,
- tj I 0

,
then these exists a riv , Y
-

with El Y
-

J a co , such that

the El ( Y- I IX.pg)
-

J -
- o .

we define the Ito integral Jab X DW = Y .

Remand : i) This 7 does not depend on P " .

it
'

) . Y - Tew ) is a riv . (( iii) hent. modification ?)



Two important properties of Leon integrals

Thm sit . l Itoh isometry ?

Leo Xo E L
-

[ ai b ]
,

then

Ely! x. dwo)
-

I - EY! (x. Idt )
.

T
finite .

Remark . ( on oksendal 3. lit ) .

-

[(Easier, Mtp ) ) X if , w )On Iti w ) )

sequence ←

ofsrmpk tea
's .

I
.

I

v
u

[trip )
Il en ) s IH )

Than 2.f
.

( Vanishing expectation ) .

X t L' la , b )
, El fab Ko DW . ] - o .

-

↳
closely related to na .gr .



E.x. 2.3 ( fab wad Wg )
# .

.

# piecewise constant .

Assume Xzlw ) 13 Simple in t . Consider a partition m true ,

a = to at , - .
. . a tn = b .

Then we can write : Kfc w ) = Eic w ) -I Cti, tret ) .

/! Xo dwt = I eicw) - (Wor. . -Wti ) .

i

If Xy is not simple ,
e. g . Xo -- W g :

we approximate it by

§ Wt't ' 1-
It.. are , ] for some t" E ( ti , tre, ].

Cased to - ti . ( Lai )

)!Wool Wo = shphf.no?.BtilBtrii-Bti)
m m

I
.

Taking expectation i

Elf nuts I = 0
.

A
independence '

Casey : for- trail
. → different

wrthktd ?

I!Wool Wo = stiff... ,→ . I Btitf Btm
- Boi)

= stiff... ,→ . Fl Btm
- Bti) ( Bor

.
- Bora Bai )

= him 7. ( Btr. . -Brij t Bt.- l Bora - Boi) .)
sup Ketil -70 m
-

E = tie, -ti E --o

FLI Uts ) -- Jyoti =
'b -a

. =L o .



The choice of the matters !



bed9 ( Martingale .) .

An integrable Sip . Mt on (r, F , p ) is a martingale wi rot . F, if

i) Mo
G F. .

for each t .

ii) El Mrl Fs )
- Ms . for set '

d

martingale condition .

Remain
.

A martingale represents a
"

fair game
"
'

E.X.2.to
.

BM is a martingale .

Prt i ii) : Ef Bt I Fs I = EllBt - Bsk Bs I Fs )

= El Bo- Bs I Fs It Bs

= Bs .
D

.

Exercised
.

Check the followers are meg 's .

i ) .

Mt i - BI - t .

ii) ( Doob 's mg.) Mt : = El X l Fo ).

Thm .

Its integral /! Xd W is a mg .

Prt .

.
check the m - g . tondrown yourselves .



Stochastic Differential Equines .

/

DI i d Ya) -- kit ) do .

SDE :
d Y ca) -- ( kit ) t

"

noise
"

) do .

-

a mean O

• I increments

. Stationary
'

Def ( Leon 's process) .

An n -dim Luton 's process driven by a d- dim B m .

inn

has SDE of the fallout form :

• DX , - Mr dot of dWo .M Bm
.

Is Tmz Id Fxs
.

where Mr =

"

drift coeff ,
"

'

Ot :
"

diffusion cooff .
"

.

Sip , adapted to Faw
-

Meaning that .
.

• Xo - Xia > = /!Ms d s t f! Os d Ws .

• A special case i t what we usually uses

Defense
.

( I -hi diffusers ) .

. X is an Itf diffusion of M -

-pit , Xa ) . o - 0 It , Xo)



are deterministic ten 's of t ' Xt '

y, why do we care ?
• X is an time- homogeneous the diffusion of

M -

-MIX t ) , 8=0 ( Xt ) .

⇒ Nice properties wir it , stepping tires . ( later ) .

•Questions .

.

. Does the SDE have a solution ?

g today
• Is it

unique?
• How do we solve it ? I next true .

Th m 2-14 . ( An existence and uniqueness result ).a-

Let µ
-
- [oiTIxR"→ Ah

,
Ji Coit) x#

"
→ R
"m be ruble

(tix ) →Mld >x ) . ( tix ) → old, x )

furthers satisfying :

Whit , x ) -ult.gs/t/oltix3-ocaigs/EClky1
( Lipschitz) .and

1µL tix) / t I 016×31 E D L H H ) .

L donor growth ) .

Then the SDE



d Xt --MH > Xo ) dat Ect . Xo ) dWo

\ Xo -- "
I
, deterministic

-

has a unique
solution X G [( LeT] ) .

,
( Strong solution ) .

Is there life beyond Lipschitz ? Yes
,

but we need to be careful :

age .

Consider ODE 's ,

i) . DX , = xzo.lt
→ explode .

Xo - It . , t t lo , L )
. .

no global solution.

ii) d Xo -- 3×55 do .

( Xo - o → hnrefve
more than one solution .

Xlt ) = (f-a)
3
Vo; for a > o .


