
Lecture 3
.

Ied 's formula

- with 3 tables
.

Y U

• Goat : The chain rule for stochastic calculus .

I

• Fundamental calculus : we apply .

J firs dy -- f da. Fix > die = fix ) , y
doesn't make sense !

• Does it work with Ied ? dfc Be ) E ( f 'CB. ) ) dt .

-

. But ! B Ms has rough paths , nowhere differentiable !

• Instead we look at Smt that at least makes sense :

g
How may terms .

df = f
'
CBD d Ba t If " Ld Br )'t It

"? Ld Bod
'
t - i - do we need ?

Difficult part
: B M . If we solve the problem for a Bm , we can

mum

solve rt for many other processes .

( E
.

BM . ) .

Thm3 (Lto 's formula for B m )
.

Leo f t C
-

LR) I lent . twice differentiable .) and Bt be a standard Bm

For any
t so .

→ an SDE
.

dfc Bs) = t 't Ba ) d Bat If
"
Bit) do .

On in integral term, → s :p .

f- c B t ) -- fi Bo ) t lot f- ' Imdb t I f! f-
"
Cbs ) da -

=



Prf of thin 3. I
.

Wilco , g ,

assume f - f ' , f
"

bold
.

.

( On top of this we can appneannhte any ten and pass to thehurt )

Take a partition with N efhal intervals :

"

N

f- I Bos - fro )
E ' II

,

HlBta ) - f- c Bon. ) )
-

By Taylor , expand .

f- ( Brons- fi Btm. ) = f
'
l Btw

.
) ( Btu - Bom ) -1 If " ( Btm) ( Batu - Boom )

?

Then we can write *I as

N N
I 9

f- I Bos - food = FE
,

f
'
( Btu
..
) ( Btu - Boa, ) -1¥

,

I fi Btm ( Bota - Boom )
?

By the construction of Ito 's integral ,

N

¥
,

f 't Btw
,
> ( Btu - Bom, ) t.tt 'CBs> dBs .

WTS :

II. f- "l Bru. . ) ( Bon- Bom.5 /! f- " l Bos ) -ds
.

⇐ Egf "lB* , ) ( Bon- Bom.5- Itu- tar ) ) o

f ans . continuous trajectories .

Ideai .
"

Ld Be 5 - do .

"

1.Tld Bos - = L'T. I, @ Bond
' ET

. =/! do



Elf E. @ Btm )
-

I = I, Ello Bandi -

- E - on, -- T .

p
-

nd .

El⇐@ Boni - T )) -

- Var ( E
.

K Bam5- T )

-E
,

Vallo Bon5)

= If
,

Elk Brad ") - Eko Boni)
- -

3 lot )
' lot )

'

= 2 ( TT )
-

i N = TWI → o . II
.

Coto - i fit , x ) E C
' "

( cons) x IR )
,

Leo Ye = fit , Br)
,
then

d Y , -

- tf, t I f-xx) do . tfxd Bt

Remark . (d Bs)
'

is computed according to the fallout table :

-

do d Bt

da o o

dBt o dt .

( Drop terms smaller then do . )



why can we do this ? Well
,
Leo p - o .

1. tcdosp -

- him.IE
,

Corot

- II. N'LE )
"

% if p - I .

. choose an Satz
,

y
- Apply 1cg
"

Integrate
some examples w - ra . B Mic Solve Leo integrals

E.X , 3.2
--

I =/! Bs d Bs ( Exercise 2.2 )

Leo fit , a > = -4×2 - ( why ? from calculus 7
.

"

It . -- fit , Br ) -- I BE
-

, Yo -
- o

l

By Ltd i

d Yo -
- BodBst Idf

EBI -- Yo -
- 4. t )! B, dB, t /! Eds

= lot B, d Best I t

lot B, d Bs - I ( Bi- t ) .



B L -- lots d Bs . I Exercise 2.4 )

Leo fit . x ) = tx . I why ? )

Yo -

- = t Bo
, Yo - o

dy. -

- Bo dtt t d Bo t o . @ Be 5

t Bo -

- lot Bsdst lots d Bs

⇒ J
.

's d Bs - t B . -g.tp-
whats this guy

?

ro V
-

L

matches integrating parts .

Remain
. J! s d Bs ~ N lo , I t ' ) . ( by exercise .) .

J! Bs Is . is also Gaussian
.

El f! Bs d s ) = f! El Bs] ds -

- o

Van [ f ? Bsdsl
-

- E ( ( f! Bsds ) ]

- El f! I! Bs -Buds du )
.

= f! f! El Bs Bn ] ds du

= Got f ! mm Is , u) dis -ok
.

- f! ( S.
" sdstfuuds) due



= § f3 .

J! Bs ds ~ N lo , t t ' ).

Exercise
. J! Bid Bs .

(strep 2. Id Ltd process?.

•Thm3.tt Leo Xo be an Ied process with

d Xt -- Ma dat ro d Bo .

,

Leo f Lt - x ) G C
' "

( Lois ) - IR ) , Define Yo - fit . Xo ) .

Then .

d
'

f, = to Lt . Xo ) dot f. It . Xo ) d Xt t If* Him@ tho )
"

um

= fo d t t f , I Mtdat rod Bo )t If* (Mondt too dB. )
-

-

plug in dxo

← Hot f. not Itxx 05 ) dtt f, or d Bo .



E.x.3 ( Financial models ) '

il DX = µ dt t
od Bo . ( Bachelor , 1900 )

"

normal model
"

' e. g .
In zone . oil price .

ii) dy = µ xdtt ox dB 't ' l Geometric BM
. Black- Scholes -Merk ,973)

"

hognormal
"

. modern approach .

iii) dy -- B X dtt od Bo . ( Ornstein - Uhlenbeck ) .

±
"

mean reversion
"

.

e.g ,
Vasicek model ,

So lumen to ti) with Lte :

Leo To = log (Xt ) .

dye - T
.
dxot 1- f- IT. ) @ Xo )'Z

= µ dat od Bet ( - to
- dt )

Z

-

- Lu- Ict) dtt od Bt

Yt = lot f. Tu- Ioi > ds + lot od B,

= log CX . ) t (M- Ioi) ft o Br

Xo -- esp Hr) = Xo eap flu-Iot )tt oBr )
.

Exercise a solve iii)



Tusheng Zhang

E.I-3.to . Calculate El e
-ht )

,
a G R

.

• By prob. . Xn lognormal ( µ , o
'

)
,

El x ) -

- e
M¥0
"

⇒ El e
two) -

- exp ( ot Ia't I = et d't .

• By Ito , let Y -

- e

-w '

, To e l

dy -- a edwdw + I tie
"
do

'

=L T d w t I d
' Y do

Ya - Yo t Ix' )! Y, ds t a lot Ysdws

Me : = Etta ) -- 7. + I d' )! Ems ) ds t o

dMo = I d
' Mt .

,
Mo -- Y. = I

Ma = Mo cap ( Edt ) .

= exp ( Ex
-

t ) .

Exercise .

.

Calculate Elk ) where Xo is a GBM
. ( END - Xo em) -

(step 3 , n-dim too ) .

Recall : A = I arj] , B
-

- f bij ) ,
m x n matrices . we define them

Frobenius producer i

< A , B > = Fg arjbij
= Tr LA BT )



Thin 3.7 Let fit , x ) G C
" '

,
we write

-

tx - f¥: ) ,t.IE#...sot2Xn
Leo Xo be an n-din Lto proves , ice ,

DX -

- Mdt t od Ba
n'Is n'Is nxkd text

. ,
md !

Leo Yo - fit , X. o )
,

d Yo -- to t.EE#dXi-iEEEIxITjdxidxj

= ( ft t <µ , t . > t 's soot , f-x. s ) dtt sfx , od B > .

- -
check!

at It , Xt )
.

In other words :

dt d Bi d Bj

da
°

o 0

dB, o dit o

d Bj o o dt .

Ex
. 3,8 ( Important ) .

Denote the Euclidean norm by Hall , and leo Bt be an n - din

BM Stantz from Xo E R
"

.
Leo fix) = " X H

-

.



f- ( Br) = B
,

-

lost - . . + Built )
.

.

f- × I Bo) -

- 2 Be
. , f* - 2 In

dfl Br) = lot O t I < In, 21ns ) dtt s z Bo , d Bo ? .

= n da t C 2 Bo , d Be > .

Or , in integral form ,

H Ba 112 = 11 Xo Il
-

t n t t 2¥
,
f. Bi Iss'd Brus ) .

.

( Step 4 .
n-dim correlated Zed ) ,

um
↳ Bms are correlated .

Suppose the components of BMS are not independent , such that for sat ,

Corr ( BiH ) - Bres)
, Bj H)- Bj is) ) = Is El BiH ) - Bres) , Bj H)- Bj is))

=

fij

Denote f = I fry] as the correlation matrix ,

Thin 3.9 Zod 's lemma Stern holds ,
but wth 007 changed to Op ol

.

-

i.e . the fo Uouiy table :

dt d Bi. d.Bj

da O O O

dBi 0 do fijdt

dBJ o f g- do
dt .



Application

Thm3 .

( Martingale representation thm ).

B

Leo Mt be an F, - martingale such that My C- L '
. Then

B

there cants a unique for - adapted process / Holte , . E L
-

Mt = Mo t got Hs d Bs .

a. s . for all t .

↳ determinism .

Reina .

.

We know "

an Leo integral is a mig .

"
. This tells us

4

the converse : Given a m . g .
it can be written as an Lad

integral . "

why is this important ? → application to finance .

Ole = loot ft H
,

d Bs .

- T ↳ stock price -

contract value . hedging strategy .

He is the amount of stock at the beginning of each infinitesimal period .

How to find H ? e.g.
Iad !

1

In the simple case where Mo -- fit , B t )
, by Iah ,

Mo -- Mo + 1. Hst Ifm > is . Bs ) dstf.tf.es . Bad Bs .



It has to be that foot Efx. -- o .

and Ht Lw ) = f , it , Bo ) ( w ) .

↳
HE .

~ ↳ derivative '

process

.

No . - Boi - t .

= J! 2 Bsd Bs .

→

Mig , rep
.

Mt - = exp ( a Bo - In't ). →
what's this ?

g-
a lot ears

- En's
d Bs

.

(Wald m ' g . / GBM).

m -g. rep
.

=/! a Msd Bs .

Exercise
.

Find tix, sit -

Mt = BP t f! fi Bs > db . is a m - g .


