
Lecture 4 . PDEs and SDE , : the connection .

• Recall the solution of d Xo -

- Mi Xt ) dtt olXo ) d Bio is called an

"Ied diffusion
"

,
⇒ diffusion of a dust particle in water .

• Similarly , in the world of PDE 's .

"

diffusion eqns
"

model thesame thing .

For now let's consider the aforementioned Itf diffusion s .

Def 4. I . ( Infinitesimal generators ) .

Leo Xo be a 1 time- hom ) Lte diffusion .
E R

"

, for suitable f : R"-ok
,

The infinitesimal generator L of Xo is defined as .

( Lt ) ex, = IT
.
I ( Exc tix .D - text ) .

when the tmnt exists .

Remark
.

is .
notation :

"

Ex
"

- El l Xo - x ) . ,

"

E
,

"

- El l Xr -- x )

ii) . Why t.me-homegeneoweity ?

In the inhomogeneous case ; we can make it homogeneous by Setty

DX = I dont od B .

iii) .
What -

are suitable f 's ? e.g , t E C:( Rn )

↳ twice differentiable .

iv)
.

Set f IX) -- III x ⇐Ds
.
.

we get infinitesimal compactsup port .

Change of the prob , disonbntion .



Thm 412
,

Leo Xo be 1-dim Iti diffusion , d Xo -

- next) dat Nxt IdBe
,

Leo f E Co
-

( R
" )

.
then Lfc x ) exists for all X GR .

,
and

( Lf ) Ix? = Mix , It + I oix,
-1
a Xi

.

If Xt GR
"
,
then

.

(Lf ) ( x ) = 7. Mins IT, -1 I ⇒ loot)ijI¥xj .

Prt : I also as an example ) .

It suffices to show that for a 1 -d BM ,

L -

- Eds
mm

dit .

( ice , the generator of BM is Iz o J tapKwan op .

Apply Ito 's formula to fl Bns ) with Bo -

- x :

[ fix > = ! 'Ino T -l Ex Ift Baes)) - fix,]

=.sk?otsllExltYttitIt'ydBatlitstt4Baanj-tfx)
= ads ( /:

"

Elf
'

in] du )

= I f-
"

CBD = If " ex) . D
.

Notation : f = fit , x > t C
' ' 2

,
still define (If l l tix ) = Mtn Io-f xx

L only applies to x
.



E.X . 413 ( GBM ) .

-
-

X t solves DX = r X do to Xd B
.

Hf ) Ix) - rxfxt I Ex' f- xx .

What does this generator do ?

Describes the movement of the process in a very small tire interval .

• Iad 's formula can be written as

dfct , X . ) = It dtt Matador t Io- IFF do t o Ha, d By

= ( ft t (I f) it . Xo ) ) dat o It, d Br .

-

maps to the
"

draft ueffecrero
"
'

U
"

df = ( ft t Lf Idiot something - dB , .

Stochastic representation for PNE
.

• Consider the tattoo PDE of wax ).

Uf t L U = o .

[
ULT . x ) = 011×7

where In ) ( tix ) = µ Ux t { o- Uba .

( Assume this PDE has a C
"'

so human 7
.



Apply Iad 's formula to Ult , Xo ). . in the integral form from too 7 ÷

ULT, X, ) -- hit, Xo )
+ JIL Uy + In > d- s t /! o Ux d Bs .

- - -

ghg .

.

GI CHT ) =D
, by PDE things will be niizerry

This is o .

Take expectation ! Gruen Xo -
- x . we have

.

-

E, [ Elka ) ) = E... Lui t.hn ) t IE .. L l? - dm )
- -

httIX ) .
o

⇒ The solution hits x) = Fox [ & txt ) )
.

I 1
Expentane

of a
riv ,

so lumen to a PPE .

Thm-4.LI
.

( Feynman- Kae formula ) .

Consider S . P .

Xo which solves ,

d Ks -
-Mls , Xs ) dst orcs , Xs ) d Bs , with Xo -

- a ,

is fine horrtonfeapmft.me
Let D c R" be a connected open domain , T 70 - consider

deterministic f-was i

r a R* x R
"
→ Rt

.

( dBueno rate furman ) .

Lu : Rt x R
"→ IR . ( running payoff function).

10 .

. R" → R .

C final payoff fourths ) .

then the unique solution to the p DE ;



→ cylinder set
Uo t Lu - r u t I =o in [oil ) * D .

p
Terminal condition(

u = of in 4077×2D) U ( 873 xD ).
-

f f
-

f
n- E IX. T )

bandog condition

"
where no C

"

.
is given by !!

" '

Ult" x ) - Eon
, ( dust ) ( Xy ) -11!does, Luis , Xs) ds f.

(
httLn-rut 4--0

where d Iti - tr ) - eapf -f!
-

res , Xss ds )

Remade .

.
i) Lt's easy to derive when D =D" , r >o constant

,

Idea . consider Ys - e-
"""
his , Xs) ( Exercise )

.

ii) In finance , I i final payoff , I i dividend .

Application : Terminal / Initial value problems .

Uo t I Kay = o

E.x.4.si
.

Solve the PD"

I
um, -1,

-

-
X
'

2

By Ek , ul * it) = It
,×
( XT ) , where d Xo =D Be

.

= El Bil Ba - x )

= Ellxt Be -e5)

- x'* El Beit ) t 2x El Ba-t)

= x
-

* T - t .
→ check it in the PDE !



Can we make it stronger ?

• Take it To stopping tomes
, res thro rt to

Lad doffushers .

Think ( Dynkin 's formula)
F
.

-

Leo Xo be an Ied diffusion , and f- c- Co
-

IR")
.

Leo I be topping the
such that E le) ab .

then
.

Ex ( fixes J - f exo t El /
.

"

Lflxssds )
.

x

( ice , The propantries we know hold also for stopping tones .) .

£¥
p very harmony

used !

it
. recall that I n n b a stopping the .

m

ii) .
C Doob 's Optioned sampling thm ) .

"

OST
"

Lf Xo is an integrable mig ,
and T is a bounded Fr-shopping the .

then El Xena ] = El Xo ) .

See
.

the next page for the proof of Dynkin 's

RT .

Further ready i
"

Wald 's identities for B M "
.



[ This page is not presented dung the lecture ) .

(proof of Dynkin 's formula ) .

Want : E. I ¥ Sjoiuftx, d Bu ] = o .

T b.did
.

K

Note that . for g .
b.did . Ig l E M .

then for all integers

E. ( J!
"

gMs ) d Bs) = TEL )!
-

g Hs ) Itssad Bs ) .

= o .

-

Is
Fs - mbk .

↳
Fs - ruble

.

'

E. Ifjgcyssd Bs - Jingoist d Bs)
-

J --Elf ugh 'ssods ) .
→

If isometry .

E M
-

n E. [ e- TAK]
.

Take limit on both sides .

J!
"

gigs > d Bs -4 I? gl Ys ) d Bs .

⇒ J!
"

gigs > d Bs -4
. I? gl Ys ) d Bs .

⇒ Ex LJ ! gigs ) d
'

Bs ] = o .



EXIT ( How
"

hey does it take to htt . ? )
,

s site of domain '

distance from
thebdr .

Leo Bo G R be a BM . v.v . Bo --o . Leo I be the first time

Bo cart from the internal ( -a , a ) .
?

i) Is Ele) finite ? For now let's accept it is . ( To prove : F 5.) .

ii) what is El -4 ?

By Dynkin 's formula , let fcx) = x?

ElfBay -- fi B.) + Elf?If ' CBs > ds]

IllBe5) = Ot El fo' ds ] = Ele )

⇒ Ele ] -

- 1 . a- = a- ,

n
Br

Th B makes sense ! Bt n tf , a a--

g-
-

( higher dimensions , p g y .¥,

ELW) . T

-

a
- -
-

- -

Exercised . Leo e - if { a >o : Bt & l - ai b))
.
Determan El e ) .

E.X8 ( An interesting example : when Dynkin fails ) .

Casely .
Ele I - o .

• Leo Ta -

- = Ihf f t - o i Bt = a }
,
a > o
,
then El Ta) = is .

Prf ( First step analysis ) .

- I



Leo Tz = if I t - o i Bt Ef - a , a 3 ) .

I z = ihfl t > o i Bt - o with Bo = -a /
.

( " ""÷¥:÷÷÷÷÷÷¥÷÷:*:÷. )Flea) -- TECH

Only solution i Efta] = is ,
smu Eta ] , Elea] 70 .

what if we apply Dynkin ?

Leo fun -- X . by Dynkin

El Be] I Bo t Eff.co do] = Bo -- o .

But El Be ] = a ! Bynum's tarts .

Conclusion : Efc]- is is an important assumption !

Reinard
.

Ln this example . El-4--0 . However B team> - I

Casey
.

Z is not a stopMT the '

p
"

running maximum
"

-

e.g . E - int f te l : Bo - TEX,
Bo )

.

El Bel -- El TEY Bt] > 0
. fails !

Conclusion..
.

E is a stopping time is also an important assumption !



• Now take D C R
"

.

i 2b i - if ft >o : X *D l .

such that E! To ] so ten all x G D ,

Tim4,9. Leo ep -

- = Mf Ita Xt GD 3 and I -- In IT .
Then the

Feynman Kac can be taken up to T istend of T .

Ulta x ) - E.. × ( dlt , -4 011 Xo ) + /! d Khs) Luis , Xs) -ds )
.

pi n

f
8D

fr
""

!
l#

f
T

Neat lecture .. we take T⇒ is ,


