
I Lecture 7 . Heat efn . I

Last :
.

HE
.

Solved Cauchy IVP , fundamental Solh then

Today
. Examples & applications .

-

properties of sols to the HE ( Exercises § 6)

*
Consider HE in ID : Ut = U

xx .

O < ta T .
ah x c b .

where T E ( o , is] , at C- is , D) , b GL - is , is] .

i) Linearity : if u , v solve *I , di ft R , then tht pv solves *).

ii) Shift & sake . if u solves *) .
Lso , Xo t IR , then U l L't, xx- Xo ) solves #7

To T.

for f E lo , L 'T ) .
X t ( dat Xo , Lbt Xo ) .

iii) Differentiation = Tf u E C' and solves it) , then Ut, Ux also solves ¥1

it ) Integration .
i tf u solves * I . and VI tix) :=/! act iz > de .

Xtc ai b )
,

then V solves CA)
. ( Given that ¥1 Ux Lte 2-7=0 for all t ) .

v ) .

Convolution : if U solves
. f : IR → IR ,

then l U* f) It . x ) solves * )
↳

W, rib r X .

Now we can look at some important , examples

( Leo Io denote the family of fans that are piecewise conf . and

with at most exponential growth at ID .



Example 7. I
-

r Uo - G U = 0 . X E R , b - o

{ U l ol x ) = 0 ( X)

↳ C- Io

U l tix ) = g * Uo i unique
solution

Is heat kernel
.

Example 7.2 ( HE with halo of diffusion K ) .

Uo - K Um =o . X EIR , t > 0 , k > O
-

H) (
uco . x ) -- f

x

# Gaussian

then g it , x )
-
- ¥, 61¥ ) = 2¥ exp l

- II. ) B the

fundamental so
.

lumen of * ) .

Remark plug in k --E , Kolmogorov eqn for BM ! L Latin) .
-

"

Example 7- 3 ( The Quarter -plane problem ) . ( Tenth 20200604).

Consider the so - called quarter - plane problem :
mm t

s Uldx)

Ut - it xx =p .

t > o , X > o .

none.net/:::::.::.
.

Dirichlet condition

- ↳
¢ .

×

↳ GLO .

Ivp ureh boundary .

Then Vlt , x ) = 17g It , x-p - g it, * y )) Olly) dy B a solution .

Def 7.4 A function f i R-sp is odd relative to ko if
e-



fl Xo - y ) = - flxoty ) . f y >so

- a - even relative to Xo tf
2-

f- I Xo - y ) = f I xoty ) . t y > o .

Exercise .
Show that if f- even , h is odd relative to Xo . then

f- * h is odd relative to Xo .

PFof#
.
E. extend 4 to an odd ten relative to 0

,

and

use 7.1
.

Leo OT be the odd extension of of .
,

47×3=1
043 , x > o

- of C-x) . xco

and define U -- II get , x-y > Icy> dy .

=)!get, ay> Gig> dy + Ligia . .-polys dy

odd →
=/? gltix-y) 4cg> dy - f! get , xtz) f- lolz )) dz

= figgis , x-p - gibing) ) Olly, dy .
↳ i Ut - Uxx - o .

Uco , x ) = OTH) = 0/1×3 ,
X >o .I

um -

-hrs'÷n÷÷: " :*
..
! "



Remark-n.MU It , x ) B odd x ice .
the symmetry of OT is carried to u .

*ii) . Define G it:X , y ) = gun -yo - g It , hey) .. G is

called the " Green 's fan
"

of the fhaten- plane problem .

iii) Important application : Barrier operas prremf .

Exercise (Tenth 20210329 )

"

homogeneous

÷
Neumann bondwomen "

Examplet.si
.

( Time-varying boundary ).
it

consider Wo- Wax =p fix > o
"

p w It , x)

tool
w It , o ) = t it) 4
I C- Io\

w , . ,× , = o
,
× , ,

go ,

y,

Then wite x > = /! yyt - six , o ) finds b a solution .

Green 's ten H )



Exampled
.

( Initial- boundary value problem for thequarter plane).

Uf - V xx =D . to 70 .
X> o -

✓ it , o ) = fit ) , t > °

) fro > a loco){
y , o , y , , go , ,, , , y , ,

Then U - Ut W , where u solves (7.37 , w solves ft .5)
.

Exampk7
.

In the Candy 1Up , Leo 01×370 . lol xD # o
.

( positive somewhere ) . then Ult - X ) =/
,,z
geo , x- y ) 0cg)dy ) > o

for all X ER
,
t> o

.

"

Infinite propagation speed
"

.

Ft i Strong minimum principle . ( Exercise )
.

E×amp8 .

( Recall BS - PDE ) '

g
,
ma- free rate .

Leo St be a GBM : d St = r Sr dtt o St d Bo , where B ,

is a BM under Q
. If for some financial contrast with payoff ten 0,

we define its
"

price process
"

' IT, . . If for some smooth F , I
e.g. 0153=4 - k 54

IT f = F It , St ) "

can opt.mn
"
.



holds
,

then F solves

Ft t rs Fs t I 052 Fss - r f = o

* I FIT ,
s > = of es ) .

( B s-PDE ).

Furthermore , by Fk th m .

f- it , s ) = e-
"T-t>

IEQ ( 101ST ) ) ( risk- neutral valuation formula)t, s

B-S
'

PDE is equivalent to an Ivp of the heat equation .

Apply the change of variable :

Z - Io
-

( T - t )

\
x = logs .

and assume Fl t , s ) = U ( e. x ) = V ( I 04T- t) , In s ) . , then

I f = Va - Rf = - I o' Va

Tx = Is Vx

Fax = -IT Vx t t- Vax

plugin #s
#

want to get rid of
.

⇒ Ve t (I - ¥3 Vx - Vax + to v = 0
,
@x ) Elo , -54 ] X R.

{
Vco , x J = ol Ce

' ) .

Let Ula , x ) = e
- d" - P "

V La , x )
, for some L, p . then

( exercise) .

Leo K -- Fa
,

L - Ic -11 - k)
, p -

- - I ( let 15,



U then solves .

Uz - DU - o , Hix ) Elo , -84 ) x R .

{
.

ucoixs - e-
*
flex)

Example 7.9 . Pricing barrier operons .

Recall C (tis )- Privy fan of an European call operon wrth Strike
-

'

-

K and expiration T . /
Exercise only at T, 0 -(Se- k) -1

↳ stock at T
.

went : The price of the down - and - ont version nun barrier
ummm

L E ( o l K ) .

"

knock - ono contract ' '

*
compatibility .

• path-dependent :
-

payoff at T - {
⑨ ( ST ) . of St - L for an f ET

m

o
, if Stel for some t ET

.

-

So scary Sows )
→ Exercise"

nihil
. ...

K - - - - -
- -
- -
-

L - - -- --
-
- -

I worthless when cross 'T L .

↳ out !
or J

'

T t

• Short- hand notation
"

DO
"

-

101St ) -- (Se - k ) " Ilysm
,

so - Ll
.

• Other barman types :

•

"

DI
"

: down - and - in . 101St ) - (Se - k ) " Ilysm
,

so ELI
.



•
"

Uo
"

:

up
-and -our 101St ) - (Se - k ) " Illinois. < Ll .

•
"

U2
"

up
-and- in 101St ) - (Se - k ) ' II ji? So 74.

Think l? For European type openers , the fellbys hold :

D O - call t DI - call = U O - can t UL - can = Call .

Do - para t DL - pro - UO - put t U2 - p no = pao .

The
.
Trivial

.

( Intuitive : less chance of getting validated - cheaper ) .

• With arbitrage priory , need to know the probability density fees

of the
"

absorbed process
" Stone

,
where I = my ft : So =L )

.

. Thin 7.11 The price of a DO-call Fct , s ) satisfies
#,

f- Itis ) = Class - (E)
t - F'

C It, ÷
.

) ,
s - L

.

( see Bjork than 18.8 )

Today : solve it using PDE 's .

"

method of image
"
.

Recall
-

BS - egn
. H E

.

c-

F Itis )

y
U l E, x )

[= (T -t )
,

X - hogs ,



txt BT
f- It, s ) = e U l E , X ) , where D= Ill- Ez ) , B = - ¥ ( It¥5 .

In our case . Need the correct Mitral data for DO !-

Obs
.

i) For the regular call :
- . Try

0 ex) no , x 7)= e
- *

FLT , s ) = e-
DX ( e

"
- k JT .

mm

ii) s - L ⇒ x s tog L
'

p
all t .

⇒ solve only for x > Log L , with ult , hogL ) = o

idea . modify 0 to make it odd . relative to x = hgh .

W
-

( recall Example 7 - 3 )

iii) hooky for ult , x ) . sit .

U ( E , dog L - x ) = - h IT , x ) for all X .

Steph
.

Exeend of by odd symmetry to whole space ,

a i
we call the extension h . . then I

*h
.
(x) = 0/1×3 - 012 hog L - x ) .

I

9
- >

check ! x , high "

x
"

to

*



Steph
.

Solve the whoa space problem . ( convolution )

Us - O U -oga h . solves

I
m . . ⇒ = ho -

Then ,
u smooth

,
u odd went . hog L .

⇒ U ( t , hog! ) = o .

Strep
.

Calculate vahe of the option .

Obs that is regular call .
-

. (g * 4) Leix) = e-
*-Becca

, ex )

p linear .

•
( g * h . ) Leix) = ( g # Ow ) ( e. x) - ( g # 0 khegl - . 3) Leng
-

(god ) ( T , shogi - x ) .

= e- dishes L - x )
- f e ( ( t, east

- x

)

Therefore . Fit , s > = ed" B ' (gash . ) I e. x)

= Ccs , s ) - ed "
- d '-heh - x )

C ( y,e2hgL- x )

= ( ( t , s ) - (f) "
-%-)

C ( t,
L '

→ z ) .

hey L -x = hog 's

where S > L
. Dx

( see Kohn sermon 2
. Pt - 9) .

Comment i hompatrbrlrty issue when decomposing .


