
Lecture to .
Markov processes and Kolmogorov efns

Today : Daniburthen of a B M as t ?

Det
.

Leo Xt EA
" ' be a Sep , and Ff be its natural filmation .

We say X has the Markov property of for any solo , t ] and

any b.did .
Borel

'

ten f i
r

, ol Xs )
.

Effi XD I Fs ) - EffND IX s )

Equivalently , for any Borel set A G Rh -

Pl Xt EA t Fs J -- B Illa G A l X s ) .

If X has the marker property , we call ra a Mankerpmuy
.

Ihtnrtnon Past now Future
-

'

q n r

The future does not depend on how we got here.
"
Memon- less

"

Remade
.

If for any stopping time I , on event E e - o 3
.

X '

satisfies

ten each tea . Effi X.# Fa ) - El fixe.H X e)
,

we say

X has the Strong Markov property .



( Strong Mp ⇒ Mp ) .
→ take e -- t .

Thin
.

i)
.

BM is a (strong ) Markov process
.

ii) The Led diffusion d Ya -ult , Xt) dot oldies d Br

B a @Troy) Markov process .

At i 0ksendal 87.1 . 2 . § tea . 4
.

Remnants ,
Independent increments ⇒ Manker property

leg .

Xm ,
- Xu --

NLXN ,
1) .

⇐

Def8#
.

Consider a Markov process Xt C- R
"

. we define the

transition probability measure at time t . from state x at
-

time sat by

PLA , tix , s ) =P ( Xt EA IX s
-
- x ) .

where A is a Borel subset of R
"

:

Remarry
,

i) Ln the continuous case , IP ( Xs -

- x ) = o .
We then interpret

PLA it ix. s) = Is
,× IHA l Xr ) )

Ii) . Assume the transition measure has a density , we denote it

by ply , t ; x. s ) , the
"

transition PDF from X at s to
-

y at ti :
-



ply ,
t 's x. s ) = f-×. ,×, ly Ix )

↳ conditional density .

Obviously , PLA , t , x. s > = f.a pig 't ix. s ) dy , and
"

Leo A expand
" L - ftp.plg.oix.ssdy .

iii) we call the pair ly it)
"

forward variables
" and

( x , s)
"

backward variables
"

.

Thm8i4
.

( Chapman - Kolmogorov efn ).

For Markov proves Xo , we have

ply . tix, s > =/
,µ ply ,

t ; 2- in ) plz , u ; x. s ) dz
,

S E Ust
.

rn wer

a

Intuiting
.

Want to get from
IX. S2 to ly , t) ,

choose some intermediate

fine u , summing up the probabilities for all possible

location Z .

Ant
.

( Not presented in lecture ) .

(LD ) ply , tix , s) = f-* ×, ly Ix) ( = txt.x.ly y
Tx
,
I x )

↳ tx
. ,xn

.
× ,
I y 't . x ) dt

.

=-

txs ( x )

= ↳ tummy
,
11912-31×3 dz

.



= for Tx
. ix. ×, >

( Y l l"" ) tangle IN DZ .

=/*.

-fun,n' Y 't > tx, ×, 12-1×3 da ta

Now assume He is an Ice diffusion :

d Xt =p It , Xa) do t old . Xx)
d Bo

.

Read
.

Infinitesimal generator Li
un

j
2

Kg ) Ix) - E. Mi Ix , g t I Zulia an g .

where [Cin] = 00T
.

Thm8
.

( Kolmogorov Backward Eqn ) .

1stform_ . Satisfied by transition measure P as a functor of the

backward variables i fix A C R
"
, too .

IIs I A. tix , s ) e LP ( A , t ; x , s ) = o , 6. x ) E lo , t ) xD"

/ p IA it; x. t> = Ia Ix) .

on X -

( Prf i F -Kehm , r -- o . K -- o . E -- IA ? .

2ndform_ . Satisfied by the density p as a functor of the

backward variables i Fix y GR
"
. too .



IF l y , tix , s ) e L p ( y , t ; x , s ) = o , 6. x ) E lo , t ) xD
"

/ pl y , tix is > = fix- go as set.

on X -

.

"

Leo A shrink " -

Now we look at the adjourn of £ , LF

• ±
Lg = - § Exile .-g) + I f.ndxjaxn (Ging )

run
me

Remain
.

Fon smooth g ,
h
.

Sit
. things vanish at infinity .

<Lg ,
h s
,

= s g , teh >u ( Exercise 1)

Thm8.by
.

( Kolmogorov forward Efn / . Fokker- Planck ) .

1st form
#

"

v

• satisfied by the transom density p w . rot the forward variables

Fix s > o . we have .

III ( y . tix , s ) - Lfp ( y , t ; x , s ) =o ,
I try ) Els , a) xD

"

| ply it; x is > = fly - x ) as loss
.

any



2¥
.

Le describes the probability distribution by self an Ivp
~

Leo Plt , x ) be the probability density of Xt , Ps Ix) be the

initial density ,
then .

Ja p - L
's

plan> = o

f l S , x ) = Ps ( x )

Prt
.

Assume that Xo has a transition prob . density , with Xs = × .

I
↳storm, Leo h c- CMR)

.

Apply Iad to h for t - s(
Id . ) .

t
'

t

h ( K, > = hix ) t Is Mh×tha, du t Is hx In . Kid Bu .

Lh lui Xu )

IE
.
! he Xo ) ) - him 1- Is,×l )! (1h) ( Xn ) du .]

kits = hix , t Ist Es .×l ( Lh ) Hn ) ) du

l'll = him t f! Jpn ( Lh ) ly) pig , u; x. s ) dy du .

LHS =/
# hey, ply it ix.s ) dy .

i

Differentiate both win . t ' t i

f.
*
hiy > If i g. tix, s ) dy - 1*4 h ) ly ) pcyitixissdy

^ adf.EE/RhaplL;pJlg.osx.ssdy .

The choice of his arbitrary ⇒ Its = Log p .

fzg



Remark The KEE B weaken than the KBE .
- i

am

↳ Take dermatome of µ , r, but not

necessarily east !

Exampk8
.

I Special ease : B m ) .

Leo fit , x > be ther density of a BM , act, x) -

- FL (fl
' )

.

KEE Itt )
- . Pz .

- top = 0
, P ( o , x ) = So

,

Lt - s )

1-* )
Us + I o U = o , ULT , x ) = fix) (t - T )

Ibs .

.

I = It
,
1-1*7 D l- * ) reversed l in tone )

,

um

→ This is an accident ! ( self-adjointmess of the Laplacian)
.

Exempt
.

( BM with drift ).

Consider d Xt -
- Mdt - d Bt . with Xs = 0

,
Fon b - s

,

Xf = Mit- s s t l Bt - Bs 7
,

Obs
.
that ply , t ; o is > = Ty B lxtsy I Xs ⇒ o ] .

,
where

pcxtsylxs :o) - B ( B÷ s J-) ) = Nl figs).
Fs
-

I

fly ) Cdf of Gaussian
.

= ¥
, eapl- I figs ) - Ey toy )



=

I
eapl -KEI jFH) 2 It-s )

The KEE b :

¥
, pig , t : o , s ) t m Ig pig , t; o is ) - I ftp.ply.tio.s ) →
my

L *

1.Remain
,

i) KEE b in general difficult to solve analytically .

.

it) An easier problem" Lange- time behaviour of a diffusion .

mmmm

• Assume Xt is time- homogeneous , µ -- Mex ) , or = o (x )
.

Is there

a probability that doesn't change with time ?

Recall
. Stationary disembark for a Markov chain :

Tl = TI P .

↳ transition matrix .

Similarly ,
we can define it for dnffn anons .

Def.fi#
.

( Stationary distribution ).

A stationary distribution or invariant measure is a



probability distributionµ that doesn't change with the , i. e ,

Blts c- A l Xo -mix ) ) -

- MLA ) .

for all mbk sets A ER
"
. Lf the process has a density Plt , D .

then it's a stationary density of

Pro = o
. ⇐ If = o .

Application I Describe large true statistics ( stationary distribution) .

of a process i Ps H ) = 417
,
Plt , x ) . Lif cants ).

F-xample-8.io
.

( OU - process ) .

I co

Leo d Xt = µ Xo t o
d Wt . KEE gives .

J P P f -- flax) .

- - ( - IT
,
( µ xp ) + I o

'

) =o.

It 2×2

• In steady state , Lop, = o yretds - I. Lux pas) t t Em fo -_ o .

• Integrating i -Mx pot to 2¥ = C
.

un

so ↳

"

probability flux
" '

• As 1×1-70 .

we expect Pcs → o faster then ¥1
,

since Jp pas - I
.

This implores C=o .

• 2% / p. = 2M÷ =,
In p, = Mz x't D .



⇒ pas = Deep ( ft x
' )

.

M
solve D

• Sir Po - I =' p. = s!#f, apt -I oY÷, ).
Gaussian !

Therefore , the stationary distribution B Gaussian
, with mean o ,

variance
-04am .

- check with Assignment 1 !

Remain 1) Some processes have no stationary debts bang

e. g , BM , ( see exercises )
.

it ) OU is the only I up to a change of variable )

Markov ran , stationery ,
Gaussian process .

Application 2 Determining moments . I Later )
.


