
Lecture 9 .
Stochastic optimal control .

Optimal control : . We have a system g -

- y it) and we can influence the system-

vda control Alt)
. y solves .

J ( t) a fly it ) , Lit ) ) .

• Goat : Choose L to maximise / minimise some function

of y ,

L
.

Owing
.

Study the stochastic version, avoid technicalities by focusing on

the
"

verification thin
"

.

Def=µ . ( controlled SDE ) .

Consider (r , F , P ) with a d-dim BM Bro . The basic object of

stochastic control theory is an SDE with a control input :

g
d Xf -

-Mlt , Xf , at ) dt to It , XF , L. ) d Bt.

(A)
y f = X .

where µ : Rt x R
"
x A → R

"

, o
: Rt x R

"
x A → R

"

,
where A iz

the control set
,
and L is the control process / control lawt

-

Def 9.2 The control law 2 is called an admissible strategy if-

i) 2, n Fo - adapted

ii) Loc w ) E A for every t, w .

iii) H ) has a unique strong solution .



D-ef9.is
.

An admissible strategy L is called a Markovs-nate.gg if

Lf = L L t , Xf ) for some ten L : Rt x R
"
→ It .

Remand
.

With 2 Markovran , XP is Markovran ..

-

easy to implement ,

n

- method in our course automatically gives rise to Markov strategies.

Problem Formula than
u

• What he optimise ?
→ A payoff functional .

- Associated to L .

- Ln the form of expectation .

Def-9.lt
.

( Expected payoff function. )
.

Recall the cylinder set Dt -- Con ) xD with boundary PT
,

tea

I ? Dx A - R
.
( running payoff )T

Ot i R - R .

.
( final payoff ) .

We define the (finite the horizon ) expected payoff function J!

L T

] it , x ) = IE
, ,× ( Q IX: ) -11, Ides . xsdsds)

.

and the value function V :



✓ It> x ) = LIPA JT tix ) -=]
* It

, ×, .

such a L *
. if exists , 13 Called an optimal control
-

Our goal : find x - and V .

Renard
.

Two other common formulations are

i ) Indefinite time horizon i

consider T : = mm { Mf Is > tills * DI , T }
,

IIt , x ) = FL
, ,× ( Q II.XE ) -11, Ides . xsdsds)

ii) Infinite the horizon to Lois ) .

Jad Hix ) - Et,×l /? e- " s Ides . Xi > ds )
- here a > o ( discounting ) .

Two questions To ask :

2
.

Does d' exist ? J ? fax, E) Tax ) forall LEA
.

2
. If so , how to find it ?

We assume L - exists now ,
and answer 2

,

Ideai Dynamic programming



Lemma 9.5 I Bellman 's principle of Optimality ) .

If y 't is optimal on [ til ] , then it is also optimal on

every

sub interval IS IT ] ,

where s t ( t it ]
.

PI
.

Iterated expectation .

Now we shall derive a PDE , and show that solving the control

problem is equivalent to solving this PDE .

§T⇒ . Fix It , x ) G DT
.

-

• Choose h > 0 Small , hath a T .

• choose an arbitrary L E A .

1

Comparing 2 scenarios
,

i) Leo L ,
= a

*

for all s E Iti ] .

-

ii) . Leo

22=12
,
sett h

X
't

,
S - tt h .

• Expected payoff for i) -

i

]
& '

( tix) = J
*

Lf , x ) = V ( tix ) .



• Expected payoff for ii) -

Jd - l tix> = IE
, ,× ( ell X t)! I is . Xin> ds)

.

= IE
. ,× ( ell X -95 +JI!# is . xs's dst !!

"

4 is, xis b.)

→

- Fox l!!
"

4 is, xd ) ds
.

t Em
.
×, LANE + II. I is .xs%ds))

Markov

-

- E.. . ( V Itt h . Voth ) t /!
"

4- Is, XY > ds )
.

ummm

①
• Trivially , Vlt , x ) 7 J

d'
l tr x ) .

• Assume V smooth , Apply IT on V i

✓ It + h . XI ) -- V it. x ) t /! III. t Ldv> dst 17h . . . d Bs .
②

'

FL, IV Itch , 11*4 ) ) -- VI tix) t E, I /Eth # + Liv > ds ) .

bombing ① and ② i

FL, l l!
"
4- is ,Wds ) e - E ... 1/5

"
l Friends]

Take it To the limit now i

Divide by h
,
move it in the expectation , let h → o i



If It, X ) t Ld VI tix) t 4-
"
It, x ) so

OBI i) The equality holds iff d - x
-

ii) (tix ) is arbitrary ⇒ holds for all (tix ) t Dr
.

iii) V LT , x ) = of Cx ) .

Taking sup on both sides , we arrive at .

Thin 9.6 ( Hamilton - Jacobi - Bellman efn ) .
- .

If the value fan V E C
" '

,
and a

*
exists , then V solves

the HJ B -efn :

hmm

±na*¥aHtt""W÷!!÷"
and for each (tix) the supremum is attained by L - L * -

Prt
.

( we sketched ) .

tidemark
.

HJ B says , assume V regular , then .

9

✓ optimal & L
-

exists =) V solves the HJB .

"



This is the necessary Londrina . !

Question
.
Suppose we solved HJB , have we found V and do ?

Yes !
"

⇐
" also holds

.
HTB is also snffrcreno .

Thin 9. t ( The verification Th m ) .

f- i

If H E C
' ' '

solves the HJB - efn , g is admissible and ton

each (tix ) , snap { I can
, as -1 IHC tix ) ) = Elting ) -118 HI tix ) ,

Then H = V is the value function , and the optimal control

X
'

exists , do- g .

Pd
.

"

Hsv
"

:

choose arbitrary LE A , fix It ex ) . Apply Iad on H .

HIT .
Kids# Hit.nl/!l3Hf+L4tsls.xs9ds.4/.T-dBs .

• It solves HJ B ⇒ t L
"

H t Kd so . K L .

Therefore , ( Itf + L "H > Is , Xss s - 4-Is exit for all s .

• Bdr con drum i HIT , XY ) = 011kt ) .

,
thus

.

T

101kt ) .

⇐ Hit,Dt f - Ets . xsgds.tl? - d Bs
to

Taking expectation IE, ,× :



H lax> a FL
, [ If -44 s . *is ds + of Ikf)) -- Thnx ) .

Taking sup :

H it , x) I SIP Jd = V ( tix ) .

"

H EV
"

.

Take specifically & = g . similarly , since

2h
To

+ 4-
"
t LJ H =o .

* yields

Hit , x) = Eml II Ehs . XP > ds tell X-p) ) - John x) .

Trivially ,
V l tix) 7 J 9 It, x) = Hit , x ) .

⇒ V = H , and g is the optimal neutral . Mh.

Remark 9.8 . ( On HTB) .

y l

i) . If we consider an
"

if
'

problem instead of
"

sup
"

i

✓ It > X ) = that J
d

l tix) .

then HJ B still holds with the term

'If I ¥4 tix > t I V it , x ) ) ,



ii) .
HJ B generalBes to the

"

indefinite the horizon
"

case

naturally , with E the h rang one of Pg .

How to use HJ B in 3 seeps .

I . Write down HJ B corresponding to your problem .

2 . Fix It , x ) ,
find where SIP ( 44 tix) t Ld V Lt , x ) ) is attained :

call the solution L
*

. our candidate for the optimal control .

3 , plug LA in HT B ,
solve the resulting pDE , use the verification

thin to identity V and ti)
[

But how to solve the PDE in 3 ?

- In general very difficult .
"

Guess
"

and
"

verify
"

- make ansatt . µ
-

.

consider Structural properties of ol and 4 .

)
I


